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Abstract

We propose a novel numerical method for solving multi-dimensional, special relativistic Boltzmann
equations for neutrinos coupled to hydrodynamics equations. It is meant to be applied to simulations
of core-collapse supernovae. We handle special relativity in a non-conventional way, taking account of
all orders of v/c. Consistent treatment of advection and collision terms in the Boltzmann equations
is the source of difficulties, which we overcome by employing two different energy grids: Lagrangian
remapped and laboratory fixed grids. We conduct a series of basic tests and perform a one-dimensional
simulation of core-collapse, bounce and shock-stall for a 15M⊙ progenitor model with a minimum but
essential set of microphysics. We demonstrate in the latter simulation that our new code is capable
of handling all phases in core-collapse supernova. For comparison, a non-relativistic simulation is also
conducted with the same code, and we show that they produce qualitatively wrong results in neutrino
transfer. Finally, we discuss a possible incorporation of general relativistic effects in our method.
Subject headings: supernovae: general—neutrinos—hydrodynamics

1. INTRODUCTION

dN = f(t,p,x)d3pd3x (1)
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Quantitative studies on the mechanism of core-collapse
supernovae (CCSNe) require detailed numerical simula-
tions. Except for low-mass (8 ∼ 10M⊙) progenitors,
elaborate one-dimensional (1D) simulations under spher-
ical symmetry have not reproduced the supernova ex-
plosion (Sumiyoshi et al. 2005; Liebendörfer et al. 2005;
Kitaura et al. 2006; Burrows et al. 2007). Last decade,
most of supernova modelers have focused on the multi-
dimensional (Multi-D) aspects of dynamics (see e.g., Ko-
take et al. (2012a); Janka (2012); Burrows (2013) for re-
cent review). In the post-bounce phase, instabilitities
drive post-shock accretion flows into turbulence, making
dynamics intrinsically multi-D. This may be crucial for
the supernova explosion, since the non-spherical turbu-
lent motions increase the dwell time of material in the
gain region, enhancing its absorption of hot neutrinos,
boosting the post shock pressure, and eventually pushing
the shock wave outwards (Takiwaki et al. 2012; Dolence
et al. 2013).
As a matter of fact, we have recently witnessed shock

revival in some of the currently most advanced simula-
tions (Burrows et al. 2006; Marek & Janka 2009; Suwa

et al. 2010; Lentz et al. 2012; Müller et al. 2012a,b; Taki-
waki et al. 2013), which has raised our hope that we will
finally unveil the mechanism of CCSNe. Unfortunately,
however, success or failure of the supernova explosion is
a delicate problem. In fact, the latest results of Multi-D
simulations by different groups are still at odds with one
another and no consensus has yet emerged concerning
which ingredient(s) is (are) essential for explosion. Al-
though various approaches, both phenomenological and
ab initio, are being undertaken at present, only better
simulations possibly with a Boltzmann-equation solver
that incorporate detailed microphysics and general rela-
tivity (GR) may give the conclusive answer.
Towards this goal, we are developing a numerical

code for neutrino transfer, which solves the Boltzmann
equations (Sumiyoshi & Yamada 2012). Our code is
based on the discrete-ordinate Sn method, which finite-
differences the Boltzmann equations, deploying multi-
angle and multi-energy bins in momentum space. Using
some snapshots from three-dimensional (3D) supernova
simulations, Sumiyoshi & Yamada (2012) demonstrated
the capabilities of this new code, which implements the
minimum set of neutrino reactions (see also Sumiyoshi et
al. (2014)). These simulations concerned neutrino trans-
fer in static backgrounds, however, and no back-reactions
to matter were taken into account.
The next step should be a coupling of this code with

a hydrodynamical code. This may not be so sim-
ple, though. Spherically symmetric 1D computations
may be easier, since they can adopt Lagrangian for-
mulations both for neutrino transfer and hydrodynam-
ics (Mezzacappa & Bruenn 1993; Mezzacappa et al.
2001; Liebendörfer et al. 2005; Sumiyoshi et al. 2005,
2007). Such formalisms as they are could not be applied
in Multi-D, however, and different formulations should
be developed for the Multi-D Boltzmann-Hydro simu-
lations, i.e. the simulations that solve the Boltzmann
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Fig. 2.— Left: Discretized momentum space of neutrinos in the laboratory frame. Spherical coordinates are employed. The radial
direction corresponds to neutrino energy and the azimuthal dimension is omitted. The grid in each dimension may not be uniform. Right:
The Lorentz-transformed mesh in the fluid-rest frame. The blue lines correspond to the radial lines whereas the black lines are transformed
from the concentric circles in the left panel. The brown dots show an isoenergy circle in the fluid-rest frame for comparison. Matter is
assumed to move upward in this figure.

ings.
After giving the SR Boltzmann equations in the next

section, we present our idea to overcome these difficul-
ties. We then demonstrate our successful handling of the
isoenergetic scatterings in the realistic supernova simu-
lations (see Section 7).

4. SR BOLTZMANN EQUATIONS FOR NEUTRINOS

We start with the covariant form of Boltzmann equa-
tion:

pµ ∂f

∂xµ
+

dpi

dτ
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∂pi
=

(δf

δτ

)

col
, (1)

which is valid even in curved space-time. In the above
expression, f(= f(xµ, pi)) denotes the neutrino distri-
bution function in phase space; xµ and pµ are space-
time coordinates and four-momentum of neutrino, re-
spectively; since the latter satisfies the on-shell condition:
pµpµ = −m2

ν , in which mν is a neutrino mass, only three
of four components are independent and this is why only
spatial components appear in the second term on the
left hand side; τ stands for the affine parameter of neu-
trino trajectory. The left hand side of Eq. (1) expresses a
geodesic motion in the phase space, while the right hand
side denotes symbolically the so-called collision terms,
i.e., the terms that give the rate of changes in f due to
neutrino-matter interactions.

On the spherical coordinates in flat space-time, which
are the coordinates we employ for the laboratory frame in
our Eulerian approach, Eq. (1) is cast into the following

conservation form:
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where r, θ, φ denote the spatial variables; as three in-
dependent components of neutrino four-momentum, we
do not use its spacial components but adopt energy and
two angles, θν and φν (see Figure 3); µν is defined as
µν ≡ cos θν . In Eq. (2) and the rest of this paper, we as-
sume that neutrinos are massless, which is well justified
as long as neutrino oscillations are ignored.

The collision term in Eq. (2), which is expressed with
the laboratory time t, is related with the original collision
term in equation (1) as

(δf

δτ

)

col
= εlb

(δf

δt

)lb

col
, (3)

where εlb(≡ pt) denotes the neutrino energy measured in
the laboratory frame. Similarly, the collision term in the
fluid-rest frame can be expressed with the proper time of
each fluid element (t̃) as

(δf

δτ

)

col
= εfr

(δf

δt̃

)fr

col
, (4)

where εfr(≡ pt̃ ≡ −uµpµ) denotes the neutrino energy
in the fluid-rest frame. Here uµ is the four-velocity of
matter.
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Abstract

We propose a novel numerical method for solving multi-dimensional, special relativistic Boltzmann
equations for neutrinos coupled to hydrodynamics equations. It is meant to be applied to simulations
of core-collapse supernovae. We handle special relativity in a non-conventional way, taking account of
all orders of v/c. Consistent treatment of advection and collision terms in the Boltzmann equations
is the source of difficulties, which we overcome by employing two different energy grids: Lagrangian
remapped and laboratory fixed grids. We conduct a series of basic tests and perform a one-dimensional
simulation of core-collapse, bounce and shock-stall for a 15M⊙ progenitor model with a minimum but
essential set of microphysics. We demonstrate in the latter simulation that our new code is capable
of handling all phases in core-collapse supernova. For comparison, a non-relativistic simulation is also
conducted with the same code, and we show that they produce qualitatively wrong results in neutrino
transfer. Finally, we discuss a possible incorporation of general relativistic effects in our method.
Subject headings: supernovae: general—neutrinos—hydrodynamics

1. INTRODUCTION

dN = f(t,p,x)d3pd3x (1)

Quantitative studies on the mechanism of core-collapse
supernovae (CCSNe) require detailed numerical simula-
tions. Except for low-mass (8 ∼ 10M⊙) progenitors,
elaborate one-dimensional (1D) simulations under spher-
ical symmetry have not reproduced the supernova ex-
plosion (Sumiyoshi et al. 2005; Liebendörfer et al. 2005;
Kitaura et al. 2006; Burrows et al. 2007). Last decade,
most of supernova modelers have focused on the multi-
dimensional (Multi-D) aspects of dynamics (see e.g., Ko-
take et al. (2012a); Janka (2012); Burrows (2013) for re-
cent review). In the post-bounce phase, instabilitities
drive post-shock accretion flows into turbulence, making
dynamics intrinsically multi-D. This may be crucial for
the supernova explosion, since the non-spherical turbu-
lent motions increase the dwell time of material in the
gain region, enhancing its absorption of hot neutrinos,
boosting the post shock pressure, and eventually pushing
the shock wave outwards (Takiwaki et al. 2012; Dolence
et al. 2013).
As a matter of fact, we have recently witnessed shock

revival in some of the currently most advanced simula-
tions (Burrows et al. 2006; Marek & Janka 2009; Suwa
et al. 2010; Lentz et al. 2012; Müller et al. 2012a,b; Taki-
waki et al. 2013), which has raised our hope that we will
finally unveil the mechanism of CCSNe. Unfortunately,
however, success or failure of the supernova explosion is
a delicate problem. In fact, the latest results of Multi-D
simulations by different groups are still at odds with one
another and no consensus has yet emerged concerning
which ingredient(s) is (are) essential for explosion. Al-
though various approaches, both phenomenological and
ab initio, are being undertaken at present, only better
simulations possibly with a Boltzmann-equation solver

that incorporate detailed microphysics and general rela-
tivity (GR) may give the conclusive answer.
Towards this goal, we are developing a numerical

code for neutrino transfer, which solves the Boltzmann
equations (Sumiyoshi & Yamada 2012). Our code is
based on the discrete-ordinate Sn method, which finite-
differences the Boltzmann equations, deploying multi-
angle and multi-energy bins in momentum space. Using
some snapshots from three-dimensional (3D) supernova
simulations, Sumiyoshi & Yamada (2012) demonstrated
the capabilities of this new code, which implements the
minimum set of neutrino reactions (see also Sumiyoshi et
al. (2014)). These simulations concerned neutrino trans-
fer in static backgrounds, however, and no back-reactions
to matter were taken into account.
The next step should be a coupling of this code with

a hydrodynamical code. This may not be so sim-
ple, though. Spherically symmetric 1D computations
may be easier, since they can adopt Lagrangian for-
mulations both for neutrino transfer and hydrodynam-
ics (Mezzacappa & Bruenn 1993; Mezzacappa et al.
2001; Liebendörfer et al. 2005; Sumiyoshi et al. 2005,
2007). Such formalisms as they are could not be applied
in Multi-D, however, and different formulations should
be developed for the Multi-D Boltzmann-Hydro simu-
lations, i.e. the simulations that solve the Boltzmann
equations and hydrodynamical equations simultaneously
in multi-dimensions.
Unlike the previous 1D codes, we adopt an Eulerian

picture in this paper. There are several reasons for this
choice. Among other things, we have in mind that the
Boltzmann solver will be coupled with a Multi-D Eule-
rian hydrodynamics and gravity solvers, which have been
well established and widely used in the high-energy as-
trophysical community. In addition, the Eulerian pic-
ture has a benefit to easily handle the left hand side
of Boltzmann equation, i.e., advection terms. In gen-
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The conservative form is also derived for a local
orthonormal frame. Starting from Eq. (3) with the choice
of ûa ¼ eað0Þ and Eqs. (12), (14)–(16), we obtain
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or a practical form
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γαβγ ¼ −γβαγ is the Ricci rotation coefficients defined by
γαβγ ≔ eaðαÞe

b
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Note that the partial derivative with respect to xα that
appears in the first term for Eqs. (20) and (21) has to be
taken fixing ν, θ̄, and φ̄ (not fixing pi). For Eq. (21), it is
trivially seen that N ¼

R
dN is the conserved quantity [see

Eqs. (4) and (9)].
It is soon found that ωð0Þ is related to ωðiÞ by

ωð0Þ ¼ −
X3

i¼1

ωðiÞlðiÞ: (24)

Since lðiÞ, ∂lðiÞ=∂θ̄, and ð∂lðiÞ=∂φ̄Þ= sin θ̄ constitute an
orthonormal set of the unit vector in the local three-
momentum space of subscript ðiÞ, we find that ωð0Þ,
ωðθ̄Þ, and ωðφ̄Þ are the independent components of ωðiÞ.
½ωð0Þ;ωðθ̄Þ;ωðφ̄Þ& are independent projection components of
the ωðiÞ vector, satisfying
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We note that ωð0Þ and ωðjÞ are composed of nine basis
functions of Ylmðθ̄; φ̄Þ with 0 ≤ l ≤ 2 and 0 ≤ jmj ≤ 2,
where Ylm is the spherical harmonics function. Also,
ωðθ̄Þ sin θ and ωðφ̄Þ are composed of fourteen basis functions
of Ylmðθ̄; φ̄Þ with 0 ≤ l ≤ 3 and 0 ≤ jmj ≤ 2. Thus, in
general, ½ωð0Þ;ωðθ̄Þ;ωðφ̄Þ& are written as functions of these
basis functions, although with a good choice of the tetrad,
they can be written in a simple form in particular for
spacetime of a special symmetry (see below).

C. Explicit form in black hole spacetime

1. Schwarzschild black hole

As an illustration, we explicitly describe the con-
servative form of Boltzmann’s equation in black-hole
spacetime. As the simplest case, first, we choose the
Schwarzschild background for which the line element is
written as

ds2 ¼ −
#
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$
dt2 þ

#
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$−1
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þ r2ðdθ2 þ sin2θdφ2Þ; (26)
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Figure 9. Illustration of the “ray-by-ray” transport approximation. The circle
represents the neutrinosphere and the solid lines represent two independent
“rays” in the RbR approximation. The dashed lines are tangents to the
neutrinosphere and indicate the regions that contribute to the neutrino field
at points 1 and 2. The “blob” on the neutrinosphere below point 1 is a “hot spot”
where the temperature is higher than the rest of the neutrinosphere. For point 1,
the RbR method will compute the neutrino field as if the entire neutrinosphere
has the properties of the hot spot, overestimating the neutrino flux and heating.
For point 2, the RbR misses the contribution of the hot spot by assuming that
the neutrinosphere properties are only those of the cooler region directly below
it, underestimating the neutrino flux and heating.

reduce computational costs and simplify code development.
CHIMERA, Vertex, and Zeus+IDSA break the non-radial
(lateral, or angular) spatial coupling through the “ray-by-ray”
(RbR) approximation, and Vulcan/2D breaks the coupling
between energy groups and neutrino species.

In the RbR approximation, the neutrino transport is computed
as a number of independent, spherically symmetric problems,
referred to as “rays,” which allows for the reuse of existing
1D neutrino transport codes. (See Figure 9 for a schematic
illustration of the RbR approximation.) RbR methods exhibit
good parallel scaling for large numbers of independent radial
rays, which can be evolved without communication while
computing the neutrino transport. Typically, in RbR codes,
the neutrinos in opaque regions are advected laterally with the
fluid motions and contribute to the pressure. The independence
of the rays artificially sharpens the lateral variation in the
neutrino luminosity and heating above the proto-NS, which
results in some regions of the hot mantle being overheated
and others underheated. The transport studies of Ott et al.
(2008) using Vulcan/2D in multi-angle mode showed that full
multidimensional FLD underestimates the lateral variation in
the neutrino radiation field, whereas RbR codes are expected to
overestimate the lateral variation. Buras et al. (2006) concluded
from analysis of their RbR models that the transient lateral
variations in neutrino flux and heating were not very likely
to have dynamical consequences for the evolution of their
models. The impact of the RbR approximation on the simulation
outcomes is not precisely known, and proper testing will have to
wait until one of the RbR codes is upgraded to include full lateral
transport, as no extant code is currently capable of computing in
RbR and non-RbR modes and there are significant differences
between extant RbR and non-RbR codes in other respects.

The authors of Vulcan/2D have chosen to break the en-
ergy and species coupling rather than the lateral spatial cou-
pling. Vulcan/2D implements computational parallelism by
solving for 2D-spatially-coupled neutrino transport for each
energy–species group independently, with communication only

after transport to integrate neutrino heating/cooling from all
energy groups. The consequence of this design choice is that
Vulcan/2D cannot easily include either NIS-driven coupling of
energy groups or the coupling of energy groups through ob-
server corrections, nor can it utilize more parallel processing
elements than it has energy–species groups.

5.2. Opacity Approximations

CHIMERA and Vertex include all of the FullOp opacities
plus additional corrections for weak magnetism and ion–ion
correlations. Vertex also includes the neutrino-pair flavor-
conversion process (Buras et al. 2003). V2D uses the Bruenn
(1985) opacities, which are similar to ReducOp, but do include
the energy down-scattering from NES. Vulcan/2D omits all of
the NIS scatterings in favor of their IS counterparts, as does the
Zeus+IDSA code because energy-coupled scattering has not
yet been developed for the IDSA transport method. Vulcan/2D,
V2D, and Zeus+IDSA use an IPA for EC on nuclei, which cuts
off electron capture by nuclei when the mean neutron number
N ! 40, and overestimates it above the cutoff, while CHIMERA
and Vertex use the more accurate LMSH EC table.

Some multidimensional supernova codes (Vertex,
Vulcan/2D) use a single species, νx = {νµτ , ν̄µτ }, to represent
all of the heavy-lepton flavor neutrinos, while the Zeus+IDSA
code omits them completely.

5.3. Observer Corrections

CHIMERA, V2D, and Vertex include the observer correc-
tions in the neutrino transport. In the Zeus+IDSA code, adia-
batic compression is properly handled for the trapped neutrinos,
and O(v/c) observer corrections are included for free-streaming
neutrinos. These codes use neutrino transport based on
Equation (3), its equivalent toO(v/c), or its GR equivalent. Only
Vulcan/2D neglects the observer corrections entirely, by solv-
ing the neutrino transport based on Equation (7). (The transport
equation quoted in Livne et al. (2004) also omits the µ0v ∂f/∂t-
term, which is typically considered of O(v2/c2) and dropped
from most O(v/c) transport solutions.)

6. CONCLUSIONS

We have examined the consequences of removing (1) GR
effects, (2) non-isoenergetic scattering and detailed nuclear
EC opacities, and (3) observer corrections from spherically
symmetric models of core-collapse supernovae. We have found
that all of these changes, individually and especially when
taken together, affect the progress of stellar collapse and the
post-bounce evolution of the shock and core thermodynamic
properties in significant ways, in contrast to the assessments
made by Burrows et al. (2006, 2007) and Nordhaus et al. (2010).
We have computed variations in the shock radius, neutrino
luminosities, and neutrino rms energies as large as 60 km,
35 Bethe s−1, and 10 MeV, respectively, across the four models
considered here.

Omission of GR results in a less compact core and an unreal-
istically more favorable shock progression after bounce. Elim-
inating non-isoenergetic scatterings and simplifying electron
capture on nuclei drastically reduces the core deleptonization
and expands the homologous core at bounce. Omission of the
observer corrections dramatically alters core deleptonization,
the shock position, and neutrino luminosities after bounce, in
part resulting from a complete breakdown of lepton number
conservation.
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  Diffusion	
  Source	
  ApproximaBon	
  (IDSA)	
  	
  
(Basel,	
  Kotake-­‐Takiwaki-­‐Suwa)	


Neutrino-­‐AdvecBon	
  is	
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  symmetry.	


SchemaBc	
  picture	
  for	
  
	
  Ray-­‐by-­‐Ray	
  approach	
  
(Lentz	
  et	
  al.	
  2012)	


Neutrinos	
  are	
  decomposed	
  into	
  trapped	
  and	
  streaming	
  parts.	
  	


Two	
  reduced	
  equaBons	
  are	
  coupled	
  by	
  each	
  source	
  term,	
  which	
  is	
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  diffusion	
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(See	
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  Berninger	
  et	
  al.	
  2013)	


Moment	
  method	
  
(MPA,	
  Kyoto,	
  Caltech,	
  Basel	
  (Kuroda))	


3

constant. kb denotes the Boltzmann constant.

§2. Moment formalism of Thorne

First, we review the Thorne’s moment formalism.2) In the first step, he defines
an unprojected moment of massless particles associated with a moving medium as

M α1α2···αk
(ν) (xβ) =

∫

f(p′α, xβ)δ(ν − ν ′)

ν ′k−2
p′α1p′α2 · · · p′αkdV ′

p , (2.1)

where f is the distribution function of the relevant radiation, ν ′ = −uµp′µ the fre-
quency of the radiation in the rest-frame of the medium (i.e, in the rest-frame of
the fiducial observer) with uµ being medium’s four velocity, pµ the four-momentum
of the radiation, and dVp the invariant integration element on the light cone. k,
here, is positive integer, 1, 2, · · · . As pointed out by Thorne,2) the choice of the
fiducial observer is crucial when deriving a good truncated formalism from his mo-
ment formalism. In the following, the fluid, coupled with the radiation, is chosen
as the medium.2), 9), 10) Namely, the frequency, ν, in M α1α2···αk

(ν) always denote the

frequency measured in the rest-frame of the fluid throughout this paper. This choice
is crucially helpful when computing the source terms of the radiation equations.

We note that it is possible to choose any fiducial frame in the moment formalism.
However, we have to keep in mind that for a truncated moment formalism in a closed
form, it is necessary to assume a closure relation which is determined by a physically
reasonable assumption. In the dense medium, radiation is strongly coupled to the
matter field. This implies that at the zeroth order, the radiation is in equilibrium
with the medium, and radiation flow (measured by an observer comoving with the
matter) is a small correction. To reproduce this feature in the closure relation, the
best method seems to choose the fluid rest frame as the fiducial frame.

We also note the following: As a result of our choice of the fiducial frame, the
argument frequency in the distribution function is always the frequency measured in
the fluid rest frame. By contrast, the argument variable should be in general the
frequency in the laboratory frame (although any frame can be taken), if one fully
solves the Boltzmann equation that the distribution function obeys.

The Boltzmann equation is written in the form2)

dxα

dτ

∂f

∂xα
+

dpi

dτ

∂f

∂pi
= (−pαuα)S(p

µ, xµ, f), (2.2)

where S denotes a source term and τ the affine parameter of a trajectory of radiation
particles. In any orthonormal frame, the invariant integration element is given by9)

dVp =
dp̂1dp̂2dp̂3

p̂0
, (2.3)

where p̂α is the four-momentum of the radiation in the local orthonormal frame. In
the local rest frame of an observer comoving with the fluid,

dVp = νdνdΩ, (2.4)
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Fig. 5.— Iso-surface of density of electron-type anti-neutrinos (ν̄e) for the 3D supernova core

at 150 ms after the bounce. Arrows represent the flux vector of neutrinos.
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Abstract

We propose a novel numerical method for solving multi-dimensional, special relativistic Boltzmann
equations for neutrinos coupled to hydrodynamics equations. It is meant to be applied to simulations
of core-collapse supernovae. We handle special relativity in a non-conventional way, taking account of
all orders of v/c. Consistent treatment of advection and collision terms in the Boltzmann equations
is the source of difficulties, which we overcome by employing two different energy grids: Lagrangian
remapped and laboratory fixed grids. We conduct a series of basic tests and perform a one-dimensional
simulation of core-collapse, bounce and shock-stall for a 15M⊙ progenitor model with a minimum but
essential set of microphysics. We demonstrate in the latter simulation that our new code is capable
of handling all phases in core-collapse supernova. For comparison, a non-relativistic simulation is also
conducted with the same code, and we show that they produce qualitatively wrong results in neutrino
transfer. Finally, we discuss a possible incorporation of general relativistic effects in our method.
Subject headings: supernovae: general—neutrinos—hydrodynamics

1. INTRODUCTION

dN = f(t,p,x)d3pd3x (1)

(ρ0u
µ);µ = 0

T µν
(hd);ν + (T µν

(em);ν) = Gµ

(neu
µ);µ = Γ

(Fµν
;ν = 4πJµ)

Gµν = 8πTµν

pµ
∂f

∂xµ
+

dpi

dτ

∂f

∂pi
=

(δf

δτ

)

col
(2)

Quantitative studies on the mechanism of core-collapse
supernovae (CCSNe) require detailed numerical simula-
tions. Except for low-mass (8 ∼ 10M⊙) progenitors,
elaborate one-dimensional (1D) simulations under spher-
ical symmetry have not reproduced the supernova ex-
plosion (Sumiyoshi et al. 2005; Liebendörfer et al. 2005;
Kitaura et al. 2006; Burrows et al. 2007). Last decade,
most of supernova modelers have focused on the multi-
dimensional (Multi-D) aspects of dynamics (see e.g., Ko-
take et al. (2012a); Janka (2012); Burrows (2013) for re-
cent review). In the post-bounce phase, instabilitities
drive post-shock accretion flows into turbulence, making
dynamics intrinsically multi-D. This may be crucial for
the supernova explosion, since the non-spherical turbu-
lent motions increase the dwell time of material in the
gain region, enhancing its absorption of hot neutrinos,
boosting the post shock pressure, and eventually pushing
the shock wave outwards (Takiwaki et al. 2012; Dolence
et al. 2013).
As a matter of fact, we have recently witnessed shock

revival in some of the currently most advanced simula-
tions (Burrows et al. 2006; Marek & Janka 2009; Suwa

et al. 2010; Lentz et al. 2012; Müller et al. 2012a,b; Taki-
waki et al. 2013), which has raised our hope that we will
finally unveil the mechanism of CCSNe. Unfortunately,
however, success or failure of the supernova explosion is
a delicate problem. In fact, the latest results of Multi-D
simulations by different groups are still at odds with one
another and no consensus has yet emerged concerning
which ingredient(s) is (are) essential for explosion. Al-
though various approaches, both phenomenological and
ab initio, are being undertaken at present, only better
simulations possibly with a Boltzmann-equation solver
that incorporate detailed microphysics and general rela-
tivity (GR) may give the conclusive answer.
Towards this goal, we are developing a numerical

code for neutrino transfer, which solves the Boltzmann
equations (Sumiyoshi & Yamada 2012). Our code is
based on the discrete-ordinate Sn method, which finite-
differences the Boltzmann equations, deploying multi-
angle and multi-energy bins in momentum space. Using
some snapshots from three-dimensional (3D) supernova
simulations, Sumiyoshi & Yamada (2012) demonstrated
the capabilities of this new code, which implements the
minimum set of neutrino reactions (see also Sumiyoshi et
al. (2014)). These simulations concerned neutrino trans-
fer in static backgrounds, however, and no back-reactions
to matter were taken into account.
The next step should be a coupling of this code with

a hydrodynamical code. This may not be so sim-
ple, though. Spherically symmetric 1D computations
may be easier, since they can adopt Lagrangian for-
mulations both for neutrino transfer and hydrodynam-
ics (Mezzacappa & Bruenn 1993; Mezzacappa et al.
2001; Liebendörfer et al. 2005; Sumiyoshi et al. 2005,
2007). Such formalisms as they are could not be applied
in Multi-D, however, and different formulations should
be developed for the Multi-D Boltzmann-Hydro simu-
lations, i.e. the simulations that solve the Boltzmann
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1. INTRODUCTION

dN = f(t,p,x)d3pd3x (1)

(ρ0u
µ);µ = 0

T µν
(hd);ν + (T µν

(em);ν) = Gµ

(neu
µ);µ = Γ

(Fµν
;ν = 4πJµ)
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∂tf = −
1

τweak
f

f = f(0)exp(−
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1
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∆t)

fn+1 =
fn

(1 + 1
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uβ

τdif > τadv (3)

Quantitative studies on the mechanism of core-collapse
supernovae (CCSNe) require detailed numerical simula-
tions. Except for low-mass (8 ∼ 10M⊙) progenitors,

elaborate one-dimensional (1D) simulations under spher-
ical symmetry have not reproduced the supernova ex-
plosion (Sumiyoshi et al. 2005; Liebendörfer et al. 2005;
Kitaura et al. 2006; Burrows et al. 2007). Last decade,
most of supernova modelers have focused on the multi-
dimensional (Multi-D) aspects of dynamics (see e.g., Ko-
take et al. (2012a); Janka (2012); Burrows (2013) for re-
cent review). In the post-bounce phase, instabilitities
drive post-shock accretion flows into turbulence, making
dynamics intrinsically multi-D. This may be crucial for
the supernova explosion, since the non-spherical turbu-
lent motions increase the dwell time of material in the
gain region, enhancing its absorption of hot neutrinos,
boosting the post shock pressure, and eventually pushing
the shock wave outwards (Takiwaki et al. 2012; Dolence
et al. 2013).
As a matter of fact, we have recently witnessed shock

revival in some of the currently most advanced simula-
tions (Burrows et al. 2006; Marek & Janka 2009; Suwa
et al. 2010; Lentz et al. 2012; Müller et al. 2012a,b; Taki-
waki et al. 2013), which has raised our hope that we will
finally unveil the mechanism of CCSNe. Unfortunately,
however, success or failure of the supernova explosion is
a delicate problem. In fact, the latest results of Multi-D
simulations by different groups are still at odds with one
another and no consensus has yet emerged concerning
which ingredient(s) is (are) essential for explosion. Al-
though various approaches, both phenomenological and
ab initio, are being undertaken at present, only better
simulations possibly with a Boltzmann-equation solver
that incorporate detailed microphysics and general rela-
tivity (GR) may give the conclusive answer.
Towards this goal, we are developing a numerical

code for neutrino transfer, which solves the Boltzmann
equations (Sumiyoshi & Yamada 2012). Our code is
based on the discrete-ordinate Sn method, which finite-
differences the Boltzmann equations, deploying multi-
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and remembering the definition

dpt

dτ
¼ dxα

∂τ
∂pt

∂xα
!!!!
pi
þ dpi

dτ
∂pt

∂pi

!!!!
xμ

¼ pα ∂pt

∂xα
!!!!
pi
− Γi

αβpαpβ ∂pt

∂pi

!!!!
xμ
: (19)

The conservative form is also derived for a local
orthonormal frame. Starting from Eq. (3) with the choice
of ûa ¼ eað0Þ and Eqs. (12), (14)–(16), we obtain

1
ffiffiffiffiffiffi−gp

∂ð ffiffiffiffiffiffi−gp
ν−1pαfÞ

∂xα
!!!!
qðiÞ

þ 1

ν2
∂
∂ν ð−νfp

αpβ∇αe
β
ð0ÞÞ

þ 1

sin θ̄
∂
∂θ̄

#
ν−2 sin θ̄f

X3

j¼1

pαpβ∇αe
β
ðjÞ

∂lðjÞ

∂θ̄
$

þ 1

sin2θ̄
∂
∂φ̄

#
ν−2f

X3

j¼2

pαpβ∇αe
β
ðjÞ

∂lðjÞ

∂φ̄
$

¼ Srad; (20)

or a practical form

1
ffiffiffiffiffiffi−gp

∂
∂xα

!!!!
qðiÞ

%#
eαð0Þ þ

X3

i¼1

lðiÞeαðiÞ

$
ffiffiffiffiffiffi−gp

f
&

−
1

ν2
∂
∂ν ðν

3fωð0ÞÞ þ
1

sin θ̄
∂
∂θ̄ ðsin θ̄fωðθ̄ÞÞ

þ 1

sin2θ̄
∂
∂φ̄ ðfωðφ̄ÞÞ ¼ Srad; (21)

where

ωð0Þ ≔ ν−2pαpβ∇αe
β
ð0Þ ¼

X3

i¼1

lðiÞ

#
γi00 þ

X3

j¼1

γi0jlðjÞ

$
;

ωðθ̄Þ ≔
X3

j¼1

ωðjÞ
∂lðjÞ

∂θ̄ ;

ωðφ̄Þ ≔
X3

j¼2

ωðjÞ
∂lðjÞ

∂φ̄ ; (22)

and

ωðjÞ ≔ ν−2pαpβ∇αe
β
ðjÞ

¼ γ0j0 þ
X3

i¼1

lðiÞ

'
ðγ0ji þ γij0Þ þ

X3

k¼1

γijklðkÞ

(
: (23)

γαβγ ¼ −γβαγ is the Ricci rotation coefficients defined by
γαβγ ≔ eaðαÞe

b
ðγÞ∇bðeðβÞÞa. We also used

∇a

)
eað0Þ þ

X3

i¼1

lðiÞeaðiÞ
*
¼
X3

i¼1

)
γi0i− γ0i0lðiÞ þ

X3

k¼1

γikilðkÞ

*
;

−cot θ̄
∂lðjÞ

∂θ̄ −
1

sin2θ̄

∂2lðjÞ

∂φ̄2
¼lðjÞ;

∂lðiÞ

∂θ̄
∂lðjÞ

∂θ̄ þ 1

sin2θ̄

∂lðiÞ

∂φ̄
∂lðjÞ

∂φ̄ ¼ δij−lðiÞlðjÞ:

Note that the partial derivative with respect to xα that
appears in the first term for Eqs. (20) and (21) has to be
taken fixing ν, θ̄, and φ̄ (not fixing pi). For Eq. (21), it is
trivially seen that N ¼

R
dN is the conserved quantity [see

Eqs. (4) and (9)].
It is soon found that ωð0Þ is related to ωðiÞ by

ωð0Þ ¼ −
X3

i¼1

ωðiÞlðiÞ: (24)

Since lðiÞ, ∂lðiÞ=∂θ̄, and ð∂lðiÞ=∂φ̄Þ= sin θ̄ constitute an
orthonormal set of the unit vector in the local three-
momentum space of subscript ðiÞ, we find that ωð0Þ,
ωðθ̄Þ, and ωðφ̄Þ are the independent components of ωðiÞ.
½ωð0Þ;ωðθ̄Þ;ωðφ̄Þ& are independent projection components of
the ωðiÞ vector, satisfying

ω2
ð0Þ þ ω2

ðθ̄Þ þ
1

sin2θ̄
ω2
ðφ̄Þ ¼

X3

i¼1

ω2
ðiÞ: (25)

We note that ωð0Þ and ωðjÞ are composed of nine basis
functions of Ylmðθ̄; φ̄Þ with 0 ≤ l ≤ 2 and 0 ≤ jmj ≤ 2,
where Ylm is the spherical harmonics function. Also,
ωðθ̄Þ sin θ and ωðφ̄Þ are composed of fourteen basis functions
of Ylmðθ̄; φ̄Þ with 0 ≤ l ≤ 3 and 0 ≤ jmj ≤ 2. Thus, in
general, ½ωð0Þ;ωðθ̄Þ;ωðφ̄Þ& are written as functions of these
basis functions, although with a good choice of the tetrad,
they can be written in a simple form in particular for
spacetime of a special symmetry (see below).

C. Explicit form in black hole spacetime

1. Schwarzschild black hole

As an illustration, we explicitly describe the con-
servative form of Boltzmann’s equation in black-hole
spacetime. As the simplest case, first, we choose the
Schwarzschild background for which the line element is
written as

ds2 ¼ −
#
1 −

2M
r

$
dt2 þ

#
1 −

2M
r

$−1
dr2

þ r2ðdθ2 þ sin2θdφ2Þ; (26)
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Fig. 3.— Local orthonormal bases that measure neutrino momentum. e⃗r , e⃗θ, and e⃗φ are aligned with the spatial spherical coordinates
as the subscripts show.

The Lorentz transformation of four-momentum gives
the relation of neutrino energies in the fluid-rest and lab-
oratory frames as

εfr = εlbγ(1− nlb · v), (6)

where v, γ(≡ (1−v2)−1/2) denote the three-velocity and
corresponding Lorentz factor of matter and nlb is the
unit vector that indicates the flight direction of neutrino
in the laboratory frame. The factor Dlb ≡ γ(1−nlb · v)
in Eq. (6) expresses the Doppler shift of neutrino energy.
From Eqs. (4) - (6), we can obtain the relation between
the collision terms in the two frames as

(δf

δt

)lb

col
= Dlb

(δf

δt̃

)fr

col
. (7)

The Lorentz transformation also gives the relation be-
tween the flight directions in the fluid-rest and laboratory
frames as

εfrnfr = εlb[nlb + {−γ + (γ − 1)
nlb · v
v2

}v]. (8)

Here nfr denotes the unit vector that specifies the flight
direction of neutrino in the fluid-rest frame. Using the
Doppler factor Dlb, we obtain

nfr =
1

Dlb
[nlb + {−γ + (γ − 1)

nlb · v
v2

}v]. (9)

Note that this relation no longer contains neutrino en-
ergy and the angle-transformations are decoupled from
the energy transformations. This is a great simplifica-
tion, which we make full use of in the following, and is a
consequence of the assumption that neutrinos are mass-
less. The solid-angle element is then transformed as

dΩfr =
1

(Dlb)2
dΩlb. (10)

In the Boltzmann equation, neutrino-matter interac-
tions are described in the collision terms. As is well
known, they are obtained most easily in the fluid-rest
frame. We hence evaluate the collision term in this
frame and use Eq. (7) to obtain the expression in the

laboratory frame. The interactions that we take into ac-
count in this paper are the same as those in Sumiyoshi
& Yamada (2012), the minimum set for supernova sim-
ulations. Since Sumiyoshi & Yamada (2012) worked in
the Newtonian approximation, we need the following re-
placements to employ their collision terms:

[1

c

δf

δt

]

→
(δf

δt̃

)fr

col
,

ε→ εfr,

Ω→Ωfr,

R∗→Rfr
∗ , (11)

where R∗ denotes reaction kernels.
Here we take the collision terms for the isoenergetic

scatterings in the laboratory frame and see how the
neutrino-number conservation is ensured, which will be
useful in the next section. Following Sumiyoshi & Ya-
mada (2012) and implementing the above replacements,
we can write them as
(δf

δt̃

)fr

scat
(εfr,Ωfr) = −

(εfr)2

(2π)3

∫

dΩ
′frRfr

scat(Ω
fr,Ω

′fr)

×
(

f fr(εfr,Ωfr)− f fr(εfr,Ω
′fr)

)

, (12)

where Rfr
scat and f fr denote the isoenergetic scattering-

kernel and neutrino distribution function f in the fluid-
rest frame, respectively. The integration of Eq. (12) over
the solid angle Ωfr vanishes due to symmetric properties
of scattering kernel: R(Ω,Ω

′

) = R(Ω
′

,Ω). This repre-
sents the conservation of neutrino number for the isoen-
ergetic scatterings at each energy in the fluid-rest frame.

5. TWO ENERGY-GRIDS

The origin of difficulties in the SR treatments is the
fact that the neutrino momentum space is distorted by
Lorentz transformations, i.e., the isoenergy surfaces in
the laboratory frame do not coincide with the counter-
parts in the fluid-rest frame. We then need highly accu-
rate interpolations in energy of f , taking care of neutrino-
number conservation, whose difficulties in the Sn method
were elucidated in Section 3.
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Fig. 3.— Local orthonormal bases that measure neutrino momentum. e⃗r , e⃗θ, and e⃗φ are aligned with the spatial spherical coordinates
as the subscripts show.

conservation form:

∂f

∂t
+

µν

r2
∂

∂r
(r2f) +

√

1− µ2
ν cos φν

rsin θ

∂

∂θ
(sin θf)

+

√

1− µ2
ν sin φν

rsin θ

∂f

∂φ
+

1

r

∂

∂µν
[(1− µ2

ν)f ]

−
√

1− µ2
ν

r

cos θ

sin θ

∂

∂φν
(sin φνf) =

(δf

δt

)lb

col
, (5)

where r, θ, φ denote the spatial variables; as three in-
dependent components of neutrino four-momentum, we
do not use its spacial components but adopt energy and
two angles, θν and φν (see Figure 3); µν is defined as
µν ≡ cos θν . In Eq. (5) and the rest of this paper, we as-
sume that neutrinos are massless, which is well justified
as long as neutrino oscillations are ignored.
The collision term in Eq. (5), which is expressed with

the laboratory time t, is related with the original collision
term in equation (4) as

(δf

δτ

)

col
= εlb

(δf

δt

)lb

col
, (6)

where εlb(≡ pt) denotes the neutrino energy measured in
the laboratory frame. Similarly, the collision term in the
fluid-rest frame can be expressed with the proper time of
each fluid element (t̃) as

(δf

δτ

)

col
= εfr

(δf

δt̃

)fr

col
, (7)

where εfr(≡ pt̃ ≡ −uµpµ) denotes the neutrino energy
in the fluid-rest frame. Here uµ is the four-velocity of
matter.
The Lorentz transformation of four-momentum gives

the relation of neutrino energies in the fluid-rest and lab-
oratory frames as

εfr = εlbγ(1− nlb · v), (8)

where v, γ(≡ (1−v2)−1/2) denote the three-velocity and
corresponding Lorentz factor of matter and nlb is the
unit vector that indicates the flight direction of neutrino
in the laboratory frame. The factor Dlb ≡ γ(1−nlb · v)

in Eq. (8) expresses the Doppler shift of neutrino energy.
From Eqs. (6) - (8), we can obtain the relation between
the collision terms in the two frames as

(δf

δt

)lb

col
= Dlb

(δf

δt̃

)fr

col
. (9)

The Lorentz transformation also gives the relation be-
tween the flight directions in the fluid-rest and laboratory
frames as

εfrnfr = εlb[nlb + {−γ + (γ − 1)
nlb · v
v2

}v]. (10)

Here nfr denotes the unit vector that specifies the flight
direction of neutrino in the fluid-rest frame. Using the
Doppler factor Dlb, we obtain

nfr =
1

Dlb
[nlb + {−γ + (γ − 1)

nlb · v
v2

}v]. (11)

Note that this relation no longer contains neutrino en-
ergy and the angle-transformations are decoupled from
the energy transformations. This is a great simplifica-
tion, which we make full use of in the following, and is a
consequence of the assumption that neutrinos are mass-
less. The solid-angle element is then transformed as

dΩfr =
1

(Dlb)2
dΩlb. (12)

In the Boltzmann equation, neutrino-matter interac-
tions are described in the collision terms. As is well
known, they are obtained most easily in the fluid-rest
frame. We hence evaluate the collision term in this
frame and use Eq. (9) to obtain the expression in the
laboratory frame. The interactions that we take into ac-
count in this paper are the same as those in Sumiyoshi
& Yamada (2012), the minimum set for supernova sim-
ulations. Since Sumiyoshi & Yamada (2012) worked in
the Newtonian approximation, we need the following re-
placements to employ their collision terms:

[1

c

δf

δt

]

→
(δf

δt̃

)fr

col
,

ε→ εfr,

Ω→Ωfr,

R∗→Rfr
∗ , (13)
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and remembering the definition

dpt

dτ
¼ dxα

∂τ
∂pt

∂xα
!!!!
pi
þ dpi

dτ
∂pt

∂pi

!!!!
xμ

¼ pα ∂pt

∂xα
!!!!
pi
− Γi

αβpαpβ ∂pt

∂pi

!!!!
xμ
: (19)

The conservative form is also derived for a local
orthonormal frame. Starting from Eq. (3) with the choice
of ûa ¼ eað0Þ and Eqs. (12), (14)–(16), we obtain

1
ffiffiffiffiffiffi−gp

∂ð ffiffiffiffiffiffi−gp
ν−1pαfÞ

∂xα
!!!!
qðiÞ

þ 1

ν2
∂
∂ν ð−νfp

αpβ∇αe
β
ð0ÞÞ

þ 1

sin θ̄
∂
∂θ̄

#
ν−2 sin θ̄f

X3

j¼1

pαpβ∇αe
β
ðjÞ

∂lðjÞ

∂θ̄
$

þ 1

sin2θ̄
∂
∂φ̄

#
ν−2f

X3

j¼2

pαpβ∇αe
β
ðjÞ

∂lðjÞ

∂φ̄
$

¼ Srad; (20)

or a practical form

1
ffiffiffiffiffiffi−gp

∂
∂xα

!!!!
qðiÞ

%#
eαð0Þ þ

X3

i¼1

lðiÞeαðiÞ

$
ffiffiffiffiffiffi−gp

f
&

−
1

ν2
∂
∂ν ðν

3fωð0ÞÞ þ
1

sin θ̄
∂
∂θ̄ ðsin θ̄fωðθ̄ÞÞ

þ 1

sin2θ̄
∂
∂φ̄ ðfωðφ̄ÞÞ ¼ Srad; (21)

where

ωð0Þ ≔ ν−2pαpβ∇αe
β
ð0Þ ¼

X3

i¼1

lðiÞ

#
γi00 þ

X3

j¼1

γi0jlðjÞ

$
;

ωðθ̄Þ ≔
X3

j¼1

ωðjÞ
∂lðjÞ

∂θ̄ ;

ωðφ̄Þ ≔
X3

j¼2

ωðjÞ
∂lðjÞ

∂φ̄ ; (22)

and

ωðjÞ ≔ ν−2pαpβ∇αe
β
ðjÞ

¼ γ0j0 þ
X3

i¼1

lðiÞ

'
ðγ0ji þ γij0Þ þ

X3

k¼1

γijklðkÞ

(
: (23)

γαβγ ¼ −γβαγ is the Ricci rotation coefficients defined by
γαβγ ≔ eaðαÞe

b
ðγÞ∇bðeðβÞÞa. We also used

∇a

)
eað0Þ þ

X3

i¼1

lðiÞeaðiÞ
*
¼
X3

i¼1

)
γi0i− γ0i0lðiÞ þ

X3

k¼1

γikilðkÞ

*
;

−cot θ̄
∂lðjÞ

∂θ̄ −
1

sin2θ̄

∂2lðjÞ

∂φ̄2
¼lðjÞ;

∂lðiÞ

∂θ̄
∂lðjÞ

∂θ̄ þ 1

sin2θ̄

∂lðiÞ

∂φ̄
∂lðjÞ

∂φ̄ ¼ δij−lðiÞlðjÞ:

Note that the partial derivative with respect to xα that
appears in the first term for Eqs. (20) and (21) has to be
taken fixing ν, θ̄, and φ̄ (not fixing pi). For Eq. (21), it is
trivially seen that N ¼

R
dN is the conserved quantity [see

Eqs. (4) and (9)].
It is soon found that ωð0Þ is related to ωðiÞ by

ωð0Þ ¼ −
X3

i¼1

ωðiÞlðiÞ: (24)

Since lðiÞ, ∂lðiÞ=∂θ̄, and ð∂lðiÞ=∂φ̄Þ= sin θ̄ constitute an
orthonormal set of the unit vector in the local three-
momentum space of subscript ðiÞ, we find that ωð0Þ,
ωðθ̄Þ, and ωðφ̄Þ are the independent components of ωðiÞ.
½ωð0Þ;ωðθ̄Þ;ωðφ̄Þ& are independent projection components of
the ωðiÞ vector, satisfying

ω2
ð0Þ þ ω2

ðθ̄Þ þ
1

sin2θ̄
ω2
ðφ̄Þ ¼

X3

i¼1

ω2
ðiÞ: (25)

We note that ωð0Þ and ωðjÞ are composed of nine basis
functions of Ylmðθ̄; φ̄Þ with 0 ≤ l ≤ 2 and 0 ≤ jmj ≤ 2,
where Ylm is the spherical harmonics function. Also,
ωðθ̄Þ sin θ and ωðφ̄Þ are composed of fourteen basis functions
of Ylmðθ̄; φ̄Þ with 0 ≤ l ≤ 3 and 0 ≤ jmj ≤ 2. Thus, in
general, ½ωð0Þ;ωðθ̄Þ;ωðφ̄Þ& are written as functions of these
basis functions, although with a good choice of the tetrad,
they can be written in a simple form in particular for
spacetime of a special symmetry (see below).

C. Explicit form in black hole spacetime

1. Schwarzschild black hole

As an illustration, we explicitly describe the con-
servative form of Boltzmann’s equation in black-hole
spacetime. As the simplest case, first, we choose the
Schwarzschild background for which the line element is
written as

ds2 ¼ −
#
1 −

2M
r

$
dt2 þ

#
1 −

2M
r

$−1
dr2

þ r2ðdθ2 þ sin2θdφ2Þ; (26)
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X3

i¼1

dqðiÞ
dτ

∂f
∂qðiÞ

¼ dν
dτ

∂f
∂ν þ

dθ̄
dτ

∂f
∂θ̄ þ

dφ̄
dτ

∂f
∂φ̄ : (12)

To proceed further, we should remember the following
relations,

ν ¼ −paeað0Þ≕− pð0Þ;

tan θ̄ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
ð2Þ þ p2

ð3Þ

q

pð1Þ
;

tan φ̄ ¼
pð3Þ

pð2Þ
; (13)

where pðjÞ ¼ paeaðjÞ and thus,
P

3
i¼1 p

2
ðiÞ ¼ ν2 ¼ p2

ð0Þ.

Using the geodesic equation for pa, pb∇bpa ¼ 0, and
Eq. (13), we obtain

dν
dτ

¼ −papb∇aebð0Þ; (14)

dθ̄
dτ

¼ 1

ν

X3

j¼1

∂lðjÞ

∂θ̄
dpðjÞ

dτ
¼ 1

ν

X3

j¼1

∂lðjÞ

∂θ̄ papb∇aebðjÞ; (15)

dφ̄
dτ

¼ 1

νsin2θ̄

X3

j¼2

∂lðjÞ

∂φ̄
dpðjÞ

dτ

¼ 1

νsin2θ̄

X3

j¼2

∂lðjÞ

∂φ̄ papb∇aebðjÞ: (16)

Here, ∇a is the covariant derivative with respect to gab.
In the general curved spacetime, we have to constitute

eaðμÞ for a general geometry. However, in the local ortho-
normal frame with the choice eað0Þ ¼ na, the procedure is
quite straightforward because eaðiÞ should have only spatial
components (remember na ¼ −α∇at where α is the lapse
function). For example, for the spherical polar coordinates
ðr; θ;φÞ, it is easy to find the following set as the tetrad
basis,

eαð1Þ ¼ ð0; γ−1=2rr ; 0; 0Þ;

eαð2Þ ¼
"
0;−

γrθffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γrrðγrrγθθ − γ2rθÞ

q ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γrr
γrrγθθ − γ2rθ

r
; 0
#
;

eαð3Þ ¼
"
0;

γrφffiffiffiffiffiffiffi
γφφ

p ;
γθφffiffiffiffiffiffiffi
γφφ

p ;
ffiffiffiffiffiffiffi
γφφ

p #
; (17)

where γab ¼ gab þ nanb is the induced metric on the spatial
hypersurface.
In numerical astrophysics, eað0Þ is often chosen as the

four-velocity of a matter field, eað0Þ ¼ ua. In this case, all
the momentum-space argument variables are defined in the

local rest frame moving with the matter field. This choice of
the momentum-space basis vector has an advantage that we
do not need to perform a transformation of the frame for
evaluating the source term of Boltzmann’s equation which
should be evaluated in the local rest frame. However, there
is a serious drawback in this scheme that we have to take
derivatives of the four-velocity in general relativity, as
shown in Eqs. (14)–(16), for which accurate numerical
computation is not an easy task in numerical hydrody-
namics. In the following, therefore, we will take the other
basis than eað0Þ ¼ ua. With such general argument variables
for the momentum space, we then have to perform a
transformation of the frame to adjust the variables, for
which the reader may refer to Appendix B.

B. Conservative form

In numerical astrophysics, it is often desirable to write
Boltzmann’s equation in a conservative form, in which
accurate conservations of the particle number and total
energy can be numerically guaranteed in the equation level
[5,9]. The existence of the conservative forms itself can be
shown in a purely geometrical and covariant manner [13]
(see Appendix A for a brief discussion). Explicit expres-
sions of Boltzmann’s equation in its conservative form are
also given by a straightforward procedure, remembering the
fact that dVx and dVp are invariant real- and momentum-
space volume elements, as follows.
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conservation form:
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cos θ
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∂φν
(sin φνf) =

(δf

δt

)lb

col
, (5)

where r, θ, φ denote the spatial variables; as three in-
dependent components of neutrino four-momentum, we
do not use its spacial components but adopt energy and
two angles, θν and φν (see Figure 3); µν is defined as
µν ≡ cos θν . In Eq. (5) and the rest of this paper, we as-
sume that neutrinos are massless, which is well justified
as long as neutrino oscillations are ignored.
The collision term in Eq. (5), which is expressed with

the laboratory time t, is related with the original collision
term in equation (4) as

(δf

δτ

)

col
= εlb

(δf

δt

)lb

col
, (6)

where εlb(≡ pt) denotes the neutrino energy measured in
the laboratory frame. Similarly, the collision term in the
fluid-rest frame can be expressed with the proper time of
each fluid element (t̃) as

(δf

δτ

)

col
= εfr

(δf

δt̃

)fr

col
, (7)

where εfr(≡ pt̃ ≡ −uµpµ) denotes the neutrino energy
in the fluid-rest frame. Here uµ is the four-velocity of
matter.
The Lorentz transformation of four-momentum gives

the relation of neutrino energies in the fluid-rest and lab-
oratory frames as

εfr = εlbγ(1− nlb · v), (8)

where v, γ(≡ (1−v2)−1/2) denote the three-velocity and
corresponding Lorentz factor of matter and nlb is the
unit vector that indicates the flight direction of neutrino
in the laboratory frame. The factor Dlb ≡ γ(1−nlb · v)

in Eq. (8) expresses the Doppler shift of neutrino energy.
From Eqs. (6) - (8), we can obtain the relation between
the collision terms in the two frames as

(δf

δt

)lb

col
= Dlb

(δf

δt̃

)fr

col
. (9)

The Lorentz transformation also gives the relation be-
tween the flight directions in the fluid-rest and laboratory
frames as

εfrnfr = εlb[nlb + {−γ + (γ − 1)
nlb · v
v2

}v]. (10)

Here nfr denotes the unit vector that specifies the flight
direction of neutrino in the fluid-rest frame. Using the
Doppler factor Dlb, we obtain

nfr =
1

Dlb
[nlb + {−γ + (γ − 1)

nlb · v
v2

}v]. (11)

Note that this relation no longer contains neutrino en-
ergy and the angle-transformations are decoupled from
the energy transformations. This is a great simplifica-
tion, which we make full use of in the following, and is a
consequence of the assumption that neutrinos are mass-
less. The solid-angle element is then transformed as

dΩfr =
1

(Dlb)2
dΩlb. (12)

In the Boltzmann equation, neutrino-matter interac-
tions are described in the collision terms. As is well
known, they are obtained most easily in the fluid-rest
frame. We hence evaluate the collision term in this
frame and use Eq. (9) to obtain the expression in the
laboratory frame. The interactions that we take into ac-
count in this paper are the same as those in Sumiyoshi
& Yamada (2012), the minimum set for supernova sim-
ulations. Since Sumiyoshi & Yamada (2012) worked in
the Newtonian approximation, we need the following re-
placements to employ their collision terms:

[1
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δt
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δt̃
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col
,

ε→ εfr,

Ω→Ωfr,
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where r, θ, φ denote the spatial variables; as three in-
dependent components of neutrino four-momentum, we
do not use its spacial components but adopt energy and
two angles, θν and φν (see Figure 3); µν is defined as
µν ≡ cos θν . In Eq. (5) and the rest of this paper, we as-
sume that neutrinos are massless, which is well justified
as long as neutrino oscillations are ignored.
The collision term in Eq. (5), which is expressed with

the laboratory time t, is related with the original collision
term in equation (4) as
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where εlb(≡ pt) denotes the neutrino energy measured in
the laboratory frame. Similarly, the collision term in the
fluid-rest frame can be expressed with the proper time of
each fluid element (t̃) as
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where εfr(≡ pt̃ ≡ −uµpµ) denotes the neutrino energy
in the fluid-rest frame. Here uµ is the four-velocity of
matter.
The Lorentz transformation of four-momentum gives

the relation of neutrino energies in the fluid-rest and lab-
oratory frames as

εfr = εlbγ(1− nlb · v), (8)

where v, γ(≡ (1−v2)−1/2) denote the three-velocity and
corresponding Lorentz factor of matter and nlb is the
unit vector that indicates the flight direction of neutrino
in the laboratory frame. The factor Dlb ≡ γ(1−nlb · v)

in Eq. (8) expresses the Doppler shift of neutrino energy.
From Eqs. (6) - (8), we can obtain the relation between
the collision terms in the two frames as

(δf

δt

)lb

col
= Dlb
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δt̃
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. (9)

The Lorentz transformation also gives the relation be-
tween the flight directions in the fluid-rest and laboratory
frames as

εfrnfr = εlb[nlb + {−γ + (γ − 1)
nlb · v
v2

}v]. (10)

Here nfr denotes the unit vector that specifies the flight
direction of neutrino in the fluid-rest frame. Using the
Doppler factor Dlb, we obtain

nfr =
1

Dlb
[nlb + {−γ + (γ − 1)

nlb · v
v2

}v]. (11)

Note that this relation no longer contains neutrino en-
ergy and the angle-transformations are decoupled from
the energy transformations. This is a great simplifica-
tion, which we make full use of in the following, and is a
consequence of the assumption that neutrinos are mass-
less. The solid-angle element is then transformed as

dΩfr =
1

(Dlb)2
dΩlb. (12)

In the Boltzmann equation, neutrino-matter interac-
tions are described in the collision terms. As is well
known, they are obtained most easily in the fluid-rest
frame. We hence evaluate the collision term in this
frame and use Eq. (9) to obtain the expression in the
laboratory frame. The interactions that we take into ac-
count in this paper are the same as those in Sumiyoshi
& Yamada (2012), the minimum set for supernova sim-
ulations. Since Sumiyoshi & Yamada (2012) worked in
the Newtonian approximation, we need the following re-
placements to employ their collision terms:

[1

c
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]

→
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δt̃

)fr

col
,

ε→ εfr,

Ω→Ωfr,

R∗→Rfr
∗ , (13)
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where r, θ, φ denote the spatial variables; as three in-
dependent components of neutrino four-momentum, we
do not use its spacial components but adopt energy and
two angles, θν and φν (see Figure 3); µν is defined as
µν ≡ cos θν . In Eq. (5) and the rest of this paper, we as-
sume that neutrinos are massless, which is well justified
as long as neutrino oscillations are ignored.
The collision term in Eq. (5), which is expressed with

the laboratory time t, is related with the original collision
term in equation (4) as
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where εlb(≡ pt) denotes the neutrino energy measured in
the laboratory frame. Similarly, the collision term in the
fluid-rest frame can be expressed with the proper time of
each fluid element (t̃) as
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where εfr(≡ pt̃ ≡ −uµpµ) denotes the neutrino energy
in the fluid-rest frame. Here uµ is the four-velocity of
matter.
The Lorentz transformation of four-momentum gives

the relation of neutrino energies in the fluid-rest and lab-
oratory frames as

εfr = εlbγ(1− nlb · v), (8)

where v, γ(≡ (1−v2)−1/2) denote the three-velocity and
corresponding Lorentz factor of matter and nlb is the
unit vector that indicates the flight direction of neutrino
in the laboratory frame. The factor Dlb ≡ γ(1−nlb · v)

in Eq. (8) expresses the Doppler shift of neutrino energy.
From Eqs. (6) - (8), we can obtain the relation between
the collision terms in the two frames as
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}v]. (10)

Here nfr denotes the unit vector that specifies the flight
direction of neutrino in the fluid-rest frame. Using the
Doppler factor Dlb, we obtain

nfr =
1

Dlb
[nlb + {−γ + (γ − 1)

nlb · v
v2

}v]. (11)

Note that this relation no longer contains neutrino en-
ergy and the angle-transformations are decoupled from
the energy transformations. This is a great simplifica-
tion, which we make full use of in the following, and is a
consequence of the assumption that neutrinos are mass-
less. The solid-angle element is then transformed as

dΩfr =
1

(Dlb)2
dΩlb. (12)

In the Boltzmann equation, neutrino-matter interac-
tions are described in the collision terms. As is well
known, they are obtained most easily in the fluid-rest
frame. We hence evaluate the collision term in this
frame and use Eq. (9) to obtain the expression in the
laboratory frame. The interactions that we take into ac-
count in this paper are the same as those in Sumiyoshi
& Yamada (2012), the minimum set for supernova sim-
ulations. Since Sumiyoshi & Yamada (2012) worked in
the Newtonian approximation, we need the following re-
placements to employ their collision terms:

[1
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→
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where r, θ, φ denote the spatial variables; as three in-
dependent components of neutrino four-momentum, we
do not use its spacial components but adopt energy and
two angles, θν and φν (see Figure 3); µν is defined as
µν ≡ cos θν . In Eq. (5) and the rest of this paper, we as-
sume that neutrinos are massless, which is well justified
as long as neutrino oscillations are ignored.
The collision term in Eq. (5), which is expressed with

the laboratory time t, is related with the original collision
term in equation (4) as
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where εlb(≡ pt) denotes the neutrino energy measured in
the laboratory frame. Similarly, the collision term in the
fluid-rest frame can be expressed with the proper time of
each fluid element (t̃) as
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where εfr(≡ pt̃ ≡ −uµpµ) denotes the neutrino energy
in the fluid-rest frame. Here uµ is the four-velocity of
matter.
The Lorentz transformation of four-momentum gives

the relation of neutrino energies in the fluid-rest and lab-
oratory frames as

εfr = εlbγ(1− nlb · v), (8)

where v, γ(≡ (1−v2)−1/2) denote the three-velocity and
corresponding Lorentz factor of matter and nlb is the
unit vector that indicates the flight direction of neutrino
in the laboratory frame. The factor Dlb ≡ γ(1−nlb · v)

in Eq. (8) expresses the Doppler shift of neutrino energy.
From Eqs. (6) - (8), we can obtain the relation between
the collision terms in the two frames as
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The Lorentz transformation also gives the relation be-
tween the flight directions in the fluid-rest and laboratory
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εfrnfr = εlb[nlb + {−γ + (γ − 1)
nlb · v
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}v]. (10)

Here nfr denotes the unit vector that specifies the flight
direction of neutrino in the fluid-rest frame. Using the
Doppler factor Dlb, we obtain

nfr =
1
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[nlb + {−γ + (γ − 1)

nlb · v
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}v]. (11)

Note that this relation no longer contains neutrino en-
ergy and the angle-transformations are decoupled from
the energy transformations. This is a great simplifica-
tion, which we make full use of in the following, and is a
consequence of the assumption that neutrinos are mass-
less. The solid-angle element is then transformed as

dΩfr =
1

(Dlb)2
dΩlb. (12)

In the Boltzmann equation, neutrino-matter interac-
tions are described in the collision terms. As is well
known, they are obtained most easily in the fluid-rest
frame. We hence evaluate the collision term in this
frame and use Eq. (9) to obtain the expression in the
laboratory frame. The interactions that we take into ac-
count in this paper are the same as those in Sumiyoshi
& Yamada (2012), the minimum set for supernova sim-
ulations. Since Sumiyoshi & Yamada (2012) worked in
the Newtonian approximation, we need the following re-
placements to employ their collision terms:
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aberration by Lorentz transformation. The angular in-
tegration as shown in Eq. (14) for the isoenergetic scat-
tering is normally performed in the fluid-rest frame. In
our approach, however, that is done on LRG in the lab-
oratory frame. In so doing, the aberration effect is taken
account of as the Jacobian as follows

∫

A(Ωfr)dΩfr =

∫

B(Ωlb)
( dΩfr

dΩlb

)

dΩlb, (35)

where A is an arbitrary function of Ωfr and B is defined
as B(Ωlb) ≡ A(Ωfr(Ωlb)). The Jacobian (dΩfr/dΩlb) has
already been derived in Eq. (12).
As mentioned earlier, the collision terms are treated

fully implicitly. The point is that the matrix structure
originated from the collision terms is exactly the same as
the one for the NR case, which implies that the numeri-
cal tools developed for our Newtonian code (Sumiyoshi &
Yamada 2012) can be utilized for the present code as they
are. As a matter of fact, thanks to this implicit treat-
ment of collision terms the time steps ∆t in the 1D test
simulation of CCSNe (see Section 7.5) are comparable
to those in our previous simulations with a 1D implicit
GR Lagrangian Boltzmann-Hydro code (Sumiyoshi et al.
2005).

6.5. Step 5: Feedbacks to matter

Solving the Boltzmann equations in the previous step,
we now treat feedbacks from the neutrino-matter interac-
tions to hydrodynamics. The hydrodynamics equations
and the conservation equation for electron number are
written as9

T µν
hd ,ν =−G

µ, (36)

Nν
e ,ν =−Γ, (37)

where the right hand sides correspond to the feedbacks
and are written as

Gµ≡
∑

i

Gµ
i , (38)

Gµ
i ≡

∫

pµi

(δf

δτ

)

col(i)
dVp, (39)

Γ≡Γνe − Γν̄e , (40)

Γi≡
∫

(δf

δτ

)

col(i)
dVp. (41)

In these expressions, the invariant volume in the mo-
mentum space is denoted by dVp and the subscript ”i”
indicates the neutrino species.
At the very end of all steps, we again perform Steps 2

and 3, since matter velocities are changed due to the mo-
mentum exchange between matter and neutrinos. This
closes the update from t = tn to t = tn+1. We iterate
these steps as many times as needed.

7. VALIDATION

In order to validate our new formulation of SR Boltz-
mann Radiation-Hydrodynamics, we carry out a series of
code tests. We first focus on the Boltzmann solver, i.e.,
the feedbacks to hydrodynamics are ignored. We test the
advections and collisions separately in idealized setups in

9 See Eqs. (15)–(19)

order to see the code performance in each sector clearly.
In these tests, only electron-type neutrinos are taken into
account, since the treatments of SR effects are common
to other species.
We then perform SR Boltzmann-Hydro simulations of

1D spherical core collapse for the 15M⊙ progenitor. In
these test runs, we consider 3 species of neutrinos (νe,
ν̄e, and νx) and implement minimal but essential micro-
physics. For comparison, a NR simulation is also per-
formed. Based on the two results, we discuss the impor-
tance of SR effects.

7.1. Collision term: isoenergetic scattering

As discussed in Section 3, the isoenergetic scattering
is the primary source of difficulties in the Sn method for
the SR Boltzmann equation. This test is meant to see
whether our code can properly handle this process. This
is a single zone calculation, in which we deploy only one
spatial grid and the advection term is neglected. We are
concerned only with the collision term. Hydrodynamical
quantities are assumed to be constant in time and set
as ρ = 1012g/cm3, T = 2MeV, and Ye = 0.4, where ρ,
T , and Ye denote the density, temperature and electron
fraction, respectively. Under this thermodynamical con-
dition, free nucleons and nuclei are both existent. We
hence consider the following isoenergetic scatterings:

ν +N←→ν +N , (42)

ν +A←→ν +A . (43)

Although we drop the advection term in this test, we
set a non-vanishing velocity as follows:

vr = v cos θh, (44)

vθ = v sin θh cos φh, (45)

vφ= v sin θh sin φh, (46)

where vr, vθ, and vφ denote the radial, θ–, and φ– com-
ponents, respectively. They are assumed to be constant
in time and are controlled by three parameters, v, θh
and φh. In this test, we set v = 2× 1010cm/s, θh = π/4,
and φh = π/4, respectively. Note that this velocity is
considerably large by the CCSNe standard.
We assume that neutrinos are distributed isotropically

in the laboratory frame initially, and they have Fermi-
Dirac distributions in energy. The neutrino chemical po-
tential can be obtained by the assumption that neutrinos
are chemical equilibrium with matter. Since matter has a
non-vanishing velocity, neutrinos are initially anistropic
in the fluid-rest frame. Then, f should evolve towards
an isotropic distribution in the latter frame by the isoen-
ergetic scattering.
For this test, momentum space is covered with a grid

of Nϵ(= 20) points in energy and Nθν (= 6) ×Nφν
(= 6)

points in angles. The gridding of LRG has been explained
in detail in Section 5 and Figure 4 (see also Sumiyoshi &
Yamada (2012) for the construction of angular grid).
We show the numerical results in Figures 11 to 15.

Figure 11 displays the evolutions of f for different angles
but with the same energy (εfr = 60 MeV) in the fluid-
rest frame. As is expected, initially different values of
f are changed by the isoenergetic scatterings and con-
verge to a certain value by the time t ∼ 10−5s. Note
that we work on LRG in the laboratory frame and these

Neutrino	


Nucleon	
  
or	
  nucleus	
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Fig. 2.— Left: Discretized momentum space of neutrinos in the laboratory frame. Spherical coordinates are employed. The radial
direction corresponds to neutrino energy and the azimuthal dimension is omitted. The grid in each dimension may not be uniform. Right:
The Lorentz-transformed mesh in the fluid-rest frame. The blue lines correspond to the radial lines whereas the black lines are transformed
from the concentric circles in the left panel. The brown dots show an isoenergy circle in the fluid-rest frame for comparison. Matter is
assumed to move upward in this figure.

isoenergetic. As is well known, the neutrino distribu-
tion function f is a Lorentz invariant and its values
at corresponding points in different frames are identi-
cal. The important point, however, is the fact that grid
points are shifted by Lorentz transformations and con-
centric (equivalently isoenergetic) spheres in the labora-
tory frame are no longer spheres in the fluid-rest frame.
As a consequence, some interpolations are inevitable in
evaluating the collision terms for scatterings in the fluid-
rest frame if one were to avoid the v/c expansion. There
are several difficulties to carry out this interpolation par-
ticularly in neutrino energy, though. The reasons are
described shortly.
The rather low energy resolution we can afford in the

Boltzmann code is one of the reasons. We can deploy at
most ∼ 20 energy bins (see Kotake et al. (2012b)). The
distribution function f depends strongly on the neutrino
energy in general. In particular, it decreases almost ex-
ponentially at high energies. On the numerical mesh, f
may change several orders of magnitude between adja-
cent energy-grid points. Highly accurate interpolations
of f are hence required on the coarse mesh. Note that
since the isoenergetic scatterings between neutrinos and
nucleons and/or nuclei dominate other reactions in CC-
SNe, the time step (∆t) of simulations is mostly deter-
mined by these processes. If the interpolations of f are
not accurate at high energies, we might find that ∆t be-
comes unreasonably small because of a large number of
artificial scatterings. The fact that high energy neutri-
nos have larger cross sections makes matter worse. Not
to mention, in the interpolation we further have to care
about the conservation of neutrino numbers in scatter-

ings.
After giving the SR Boltzmann equations in the next

section, we present our idea to overcome these difficul-
ties. We then demonstrate our successful handling of the
isoenergetic scatterings in the realistic supernova simu-
lations (see Section 7).

4. SR BOLTZMANN EQUATIONS FOR NEUTRINOS

We start with the covariant form of Boltzmann equa-
tion:

pµ
∂f

∂xµ
+

dpi

dτ

∂f

∂pi
=

(δf

δτ

)

col
, (4)

which is valid even in curved space-time. In the above
expression, f(= f(xµ, pi)) denotes the neutrino distri-
bution function in phase space; xµ and pµ are space-
time coordinates and four-momentum of neutrino, re-
spectively; since the latter satisfies the on-shell condition:
pµpµ = −m2

ν , in which mν is a neutrino mass, only three
of four components are independent and this is why only
spatial components appear in the second term on the
left hand side; τ stands for the affine parameter of neu-
trino trajectory. The left hand side of Eq. (4) expresses a
geodesic motion in the phase space, while the right hand
side denotes symbolically the so-called collision terms,
i.e., the terms that give the rate of changes in f due to
neutrino-matter interactions.
On the spherical coordinates in flat space-time, which

are the coordinates we employ for the laboratory frame in
our Eulerian approach, Eq. (4) is cast into the following
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Fig. 2.— Left: Discretized momentum space of neutrinos in the laboratory frame. Spherical coordinates are employed. The radial
direction corresponds to neutrino energy and the azimuthal dimension is omitted. The grid in each dimension may not be uniform. Right:
The Lorentz-transformed mesh in the fluid-rest frame. The blue lines correspond to the radial lines whereas the black lines are transformed
from the concentric circles in the left panel. The brown dots show an isoenergy circle in the fluid-rest frame for comparison. Matter is
assumed to move upward in this figure.
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cal. The important point, however, is the fact that grid
points are shifted by Lorentz transformations and con-
centric (equivalently isoenergetic) spheres in the labora-
tory frame are no longer spheres in the fluid-rest frame.
As a consequence, some interpolations are inevitable in
evaluating the collision terms for scatterings in the fluid-
rest frame if one were to avoid the v/c expansion. There
are several difficulties to carry out this interpolation par-
ticularly in neutrino energy, though. The reasons are
described shortly.
The rather low energy resolution we can afford in the

Boltzmann code is one of the reasons. We can deploy at
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energy in general. In particular, it decreases almost ex-
ponentially at high energies. On the numerical mesh, f
may change several orders of magnitude between adja-
cent energy-grid points. Highly accurate interpolations
of f are hence required on the coarse mesh. Note that
since the isoenergetic scatterings between neutrinos and
nucleons and/or nuclei dominate other reactions in CC-
SNe, the time step (∆t) of simulations is mostly deter-
mined by these processes. If the interpolations of f are
not accurate at high energies, we might find that ∆t be-
comes unreasonably small because of a large number of
artificial scatterings. The fact that high energy neutri-
nos have larger cross sections makes matter worse. Not
to mention, in the interpolation we further have to care
about the conservation of neutrino numbers in scatter-
ings.
After giving the SR Boltzmann equations in the next

section, we present our idea to overcome these difficul-
ties. We then demonstrate our successful handling of the
isoenergetic scatterings in the realistic supernova simu-
lations (see Section 7).

4. SR BOLTZMANN EQUATIONS FOR NEUTRINOS

We start with the covariant form of Boltzmann equa-
tion:

pµ
∂f

∂xµ
+
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∂pi
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, (4)

which is valid even in curved space-time. In the above
expression, f(= f(xµ, pi)) denotes the neutrino distri-
bution function in phase space; xµ and pµ are space-
time coordinates and four-momentum of neutrino, re-
spectively; since the latter satisfies the on-shell condition:
pµpµ = −m2

ν , in which mν is a neutrino mass, only three
of four components are independent and this is why only
spatial components appear in the second term on the
left hand side; τ stands for the affine parameter of neu-
trino trajectory. The left hand side of Eq. (4) expresses a
geodesic motion in the phase space, while the right hand
side denotes symbolically the so-called collision terms,
i.e., the terms that give the rate of changes in f due to
neutrino-matter interactions.
On the spherical coordinates in flat space-time, which

are the coordinates we employ for the laboratory frame in
our Eulerian approach, Eq. (4) is cast into the following
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and remembering the definition

dpt

dτ
¼ dxα

∂τ
∂pt

∂xα
!!!!
pi
þ dpi

dτ
∂pt

∂pi

!!!!
xμ

¼ pα ∂pt

∂xα
!!!!
pi
− Γi

αβpαpβ ∂pt

∂pi

!!!!
xμ
: (19)

The conservative form is also derived for a local
orthonormal frame. Starting from Eq. (3) with the choice
of ûa ¼ eað0Þ and Eqs. (12), (14)–(16), we obtain

1
ffiffiffiffiffiffi−gp

∂ð ffiffiffiffiffiffi−gp
ν−1pαfÞ

∂xα
!!!!
qðiÞ

þ 1

ν2
∂
∂ν ð−νfp

αpβ∇αe
β
ð0ÞÞ

þ 1

sin θ̄
∂
∂θ̄

#
ν−2 sin θ̄f

X3

j¼1

pαpβ∇αe
β
ðjÞ

∂lðjÞ

∂θ̄
$

þ 1

sin2θ̄
∂
∂φ̄

#
ν−2f

X3

j¼2

pαpβ∇αe
β
ðjÞ

∂lðjÞ

∂φ̄
$

¼ Srad; (20)

or a practical form

1
ffiffiffiffiffiffi−gp

∂
∂xα

!!!!
qðiÞ

%#
eαð0Þ þ

X3

i¼1

lðiÞeαðiÞ

$
ffiffiffiffiffiffi−gp

f
&

−
1

ν2
∂
∂ν ðν

3fωð0ÞÞ þ
1

sin θ̄
∂
∂θ̄ ðsin θ̄fωðθ̄ÞÞ

þ 1

sin2θ̄
∂
∂φ̄ ðfωðφ̄ÞÞ ¼ Srad; (21)

where

ωð0Þ ≔ ν−2pαpβ∇αe
β
ð0Þ ¼

X3

i¼1

lðiÞ

#
γi00 þ

X3

j¼1

γi0jlðjÞ

$
;

ωðθ̄Þ ≔
X3

j¼1

ωðjÞ
∂lðjÞ

∂θ̄ ;

ωðφ̄Þ ≔
X3

j¼2

ωðjÞ
∂lðjÞ

∂φ̄ ; (22)

and

ωðjÞ ≔ ν−2pαpβ∇αe
β
ðjÞ

¼ γ0j0 þ
X3

i¼1

lðiÞ

'
ðγ0ji þ γij0Þ þ

X3

k¼1

γijklðkÞ

(
: (23)

γαβγ ¼ −γβαγ is the Ricci rotation coefficients defined by
γαβγ ≔ eaðαÞe

b
ðγÞ∇bðeðβÞÞa. We also used

∇a

)
eað0Þ þ

X3

i¼1

lðiÞeaðiÞ
*
¼
X3

i¼1

)
γi0i− γ0i0lðiÞ þ

X3

k¼1

γikilðkÞ

*
;

−cot θ̄
∂lðjÞ

∂θ̄ −
1

sin2θ̄

∂2lðjÞ

∂φ̄2
¼lðjÞ;

∂lðiÞ

∂θ̄
∂lðjÞ

∂θ̄ þ 1

sin2θ̄

∂lðiÞ

∂φ̄
∂lðjÞ

∂φ̄ ¼ δij−lðiÞlðjÞ:

Note that the partial derivative with respect to xα that
appears in the first term for Eqs. (20) and (21) has to be
taken fixing ν, θ̄, and φ̄ (not fixing pi). For Eq. (21), it is
trivially seen that N ¼

R
dN is the conserved quantity [see

Eqs. (4) and (9)].
It is soon found that ωð0Þ is related to ωðiÞ by

ωð0Þ ¼ −
X3

i¼1

ωðiÞlðiÞ: (24)

Since lðiÞ, ∂lðiÞ=∂θ̄, and ð∂lðiÞ=∂φ̄Þ= sin θ̄ constitute an
orthonormal set of the unit vector in the local three-
momentum space of subscript ðiÞ, we find that ωð0Þ,
ωðθ̄Þ, and ωðφ̄Þ are the independent components of ωðiÞ.
½ωð0Þ;ωðθ̄Þ;ωðφ̄Þ& are independent projection components of
the ωðiÞ vector, satisfying

ω2
ð0Þ þ ω2

ðθ̄Þ þ
1

sin2θ̄
ω2
ðφ̄Þ ¼

X3

i¼1

ω2
ðiÞ: (25)

We note that ωð0Þ and ωðjÞ are composed of nine basis
functions of Ylmðθ̄; φ̄Þ with 0 ≤ l ≤ 2 and 0 ≤ jmj ≤ 2,
where Ylm is the spherical harmonics function. Also,
ωðθ̄Þ sin θ and ωðφ̄Þ are composed of fourteen basis functions
of Ylmðθ̄; φ̄Þ with 0 ≤ l ≤ 3 and 0 ≤ jmj ≤ 2. Thus, in
general, ½ωð0Þ;ωðθ̄Þ;ωðφ̄Þ& are written as functions of these
basis functions, although with a good choice of the tetrad,
they can be written in a simple form in particular for
spacetime of a special symmetry (see below).

C. Explicit form in black hole spacetime

1. Schwarzschild black hole

As an illustration, we explicitly describe the con-
servative form of Boltzmann’s equation in black-hole
spacetime. As the simplest case, first, we choose the
Schwarzschild background for which the line element is
written as

ds2 ¼ −
#
1 −

2M
r

$
dt2 þ

#
1 −

2M
r

$−1
dr2

þ r2ðdθ2 þ sin2θdφ2Þ; (26)
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Abstract

We propose a novel numerical method for solving multi-dimensional, special relativistic Boltzmann
equations for neutrinos coupled to hydrodynamics equations. It is meant to be applied to simulations
of core-collapse supernovae. We handle special relativity in a non-conventional way, taking account of
all orders of v/c. Consistent treatment of advection and collision terms in the Boltzmann equations
is the source of difficulties, which we overcome by employing two different energy grids: Lagrangian
remapped and laboratory fixed grids. We conduct a series of basic tests and perform a one-dimensional
simulation of core-collapse, bounce and shock-stall for a 15M⊙ progenitor model with a minimum but
essential set of microphysics. We demonstrate in the latter simulation that our new code is capable
of handling all phases in core-collapse supernova. For comparison, a non-relativistic simulation is also
conducted with the same code, and we show that they produce qualitatively wrong results in neutrino
transfer. Finally, we discuss a possible incorporation of general relativistic effects in our method.
Subject headings: supernovae: general—neutrinos—hydrodynamics

1. INTRODUCTION

dN = f(t,p,x)d3pd3x (1)

(ρ0u
µ);µ = 0

T µν
(hd);ν + (T µν

(em);ν) = Gµ

(neu
µ);µ = Γ

(Fµν
;ν = 4πJµ)

Gµν = 8πTµν

pµ
∂f

∂xµ
+

dpi

dτ

∂f

∂pi
=

(δf

δτ

)

col
(2)

∂tf = −
1

τweak
f

f = f(0)exp(−
t

τweak
)

fn+1 − fn

∆t
= −

1

τweak
fn

fn+1 − fn

∆t
= −

1

τweak
fn+1

fn+1 = fn(1 −
1

τweak
∆t)

fn+1 =
fn

(1 + 1
τweak

∆t)

uβ (3)

Quantitative studies on the mechanism of core-collapse
supernovae (CCSNe) require detailed numerical simula-
tions. Except for low-mass (8 ∼ 10M⊙) progenitors,
elaborate one-dimensional (1D) simulations under spher-
ical symmetry have not reproduced the supernova ex-
plosion (Sumiyoshi et al. 2005; Liebendörfer et al. 2005;

Kitaura et al. 2006; Burrows et al. 2007). Last decade,
most of supernova modelers have focused on the multi-
dimensional (Multi-D) aspects of dynamics (see e.g., Ko-
take et al. (2012a); Janka (2012); Burrows (2013) for re-
cent review). In the post-bounce phase, instabilitities
drive post-shock accretion flows into turbulence, making
dynamics intrinsically multi-D. This may be crucial for
the supernova explosion, since the non-spherical turbu-
lent motions increase the dwell time of material in the
gain region, enhancing its absorption of hot neutrinos,
boosting the post shock pressure, and eventually pushing
the shock wave outwards (Takiwaki et al. 2012; Dolence
et al. 2013).
As a matter of fact, we have recently witnessed shock

revival in some of the currently most advanced simula-
tions (Burrows et al. 2006; Marek & Janka 2009; Suwa
et al. 2010; Lentz et al. 2012; Müller et al. 2012a,b; Taki-
waki et al. 2013), which has raised our hope that we will
finally unveil the mechanism of CCSNe. Unfortunately,
however, success or failure of the supernova explosion is
a delicate problem. In fact, the latest results of Multi-D
simulations by different groups are still at odds with one
another and no consensus has yet emerged concerning
which ingredient(s) is (are) essential for explosion. Al-
though various approaches, both phenomenological and
ab initio, are being undertaken at present, only better
simulations possibly with a Boltzmann-equation solver
that incorporate detailed microphysics and general rela-
tivity (GR) may give the conclusive answer.
Towards this goal, we are developing a numerical

code for neutrino transfer, which solves the Boltzmann
equations (Sumiyoshi & Yamada 2012). Our code is
based on the discrete-ordinate Sn method, which finite-
differences the Boltzmann equations, deploying multi-
angle and multi-energy bins in momentum space. Using
some snapshots from three-dimensional (3D) supernova
simulations, Sumiyoshi & Yamada (2012) demonstrated
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Fig. 4.— Lagrangian remapped grid in the laboratory frame (left panel) and the Lorentz-transformed grid in the fluid-rest frame (right
panel). The energy grid is isotropic in the fluid-rest frame whereas it becomes anisotropic in the laboratory frame. The angular grid, on
the other hand, is uniform in the laboratory frame.

ing neutrino interactions, i.e., in the adiabatic manner;
then from Step 2 through Step 4 we perform neutrino
transfer for the matter distribution given in the first step
as described below; feedbacks from neutrino interactions
to the internal energy, velocity and electron fraction of
matter are taken into account in Step 5.
The numerical code for the hydrodynamical evolution

is essentially the same as that in Nagakura et al. (2013).
It is based on the so-called central scheme with an explicit
time evolution (Kurganov & Tadmor 2000; Nagakura &
Yamada 2008; Nagakura et al. 2011). The code was suc-
cessfully applied to the simulations of Standing Accre-
tion Shock Instability (SASI) in the post-bounce phase
in our previous study (Nagakura et al. 2013). It is also
noted that a series of standard tests for hydrodynamical
schemes (e.g., shock tube problems) were carried out in
Nagakura et al. (2011).
Although our Boltzmann solver is fully SR, the hydro-

dynamics solver is Newtonian. As a matter of fact, it
is fully general relativistic (Nagakura & Yamada 2008)
except for its gravity solver, which is Newtonian and
based on the MICCG technique (Nagakura et al. 2011).
The implementation of an Einstein equation solver is cur-
rently underway, the perspective of which will be men-
tioned in Section 8.
The basic equations of Newtonian hydrodynamics in

spherical coordinates are written in the following form:

∂tQ+ ∂jUj = Wh +Wi, (15)

where each term is given as

Q =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

√
gρ√
gρvr√
gρvθ√
gρvφ√

g(e+ 1
2ρv

2)√
gρYe

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, (16)

Uj =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

√
gρvj√

g(ρvrvj + pδjr)√
g(ρvθvj + pδjθ)√
g(ρvφvj + pδjφ)√

g(e+ p+ 1
2ρv

2)vj√
gρYevj

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, (17)

Wh =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0
√
gρ

(

−ψ,r + r(vθ)2 + rsin2θ(vφ)2 +
2p

rρ

)

√
gρ

(

−ψ,θr2 + sinθcosθ(vφ)2 +
pcosθ

ρsinθ

)

−√gρψ,φ

−√gρvlψ,l

0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,(18)

Wi =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0
−√gGr

−√gGθ

−√gGφ

−√gGt

−√gΓ

⎞

⎟

⎟

⎟

⎟

⎟

⎠

. (19)

Note that Wi corresponds to the interactions between
neutrinos and matter (the explicit expressions will be
presented in Step 5) and

√
g(= r2sinθ) denotes the vol-

ume factor in the spherical coordinates. Other variables,



3D Boltzmann-Hydrodynamical Code: I SR Treatments 13

Fig. 9.— Left: Energy bins in LRG at neighboring spatial or angular points. y denotes a spatial or angular dimension, whose grid points
are specified by the subscript, i. The subscript j indicates the energy grid points. Right: The same as the left panel but in LFGs (red
rectangules). The energy bins and grid points in LRG are also displayed in gray for comparison in this panel.
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Fig. 3.— Local orthonormal bases that measure neutrino momentum. e⃗r , e⃗θ, and e⃗φ are aligned with the spatial spherical coordinates
as the subscripts show.

conservation form:

∂f

∂t
+

µν

r2
∂

∂r
(r2f) +

√

1− µ2
ν cos φν

rsin θ

∂

∂θ
(sin θf)

+

√

1− µ2
ν sin φν

rsin θ

∂f

∂φ
+

1

r

∂

∂µν
[(1− µ2

ν)f ]

−
√

1− µ2
ν

r

cos θ

sin θ

∂

∂φν
(sin φνf) =

(δf

δt

)lb

col
, (5)

where r, θ, φ denote the spatial variables; as three in-
dependent components of neutrino four-momentum, we
do not use its spacial components but adopt energy and
two angles, θν and φν (see Figure 3); µν is defined as
µν ≡ cos θν . In Eq. (5) and the rest of this paper, we as-
sume that neutrinos are massless, which is well justified
as long as neutrino oscillations are ignored.
The collision term in Eq. (5), which is expressed with

the laboratory time t, is related with the original collision
term in equation (4) as

(δf

δτ

)

col
= εlb

(δf

δt

)lb

col
, (6)

where εlb(≡ pt) denotes the neutrino energy measured in
the laboratory frame. Similarly, the collision term in the
fluid-rest frame can be expressed with the proper time of
each fluid element (t̃) as

(δf

δτ

)

col
= εfr

(δf

δt̃

)fr

col
, (7)

where εfr(≡ pt̃ ≡ −uµpµ) denotes the neutrino energy
in the fluid-rest frame. Here uµ is the four-velocity of
matter.
The Lorentz transformation of four-momentum gives

the relation of neutrino energies in the fluid-rest and lab-
oratory frames as

εfr = εlbγ(1− nlb · v), (8)

where v, γ(≡ (1−v2)−1/2) denote the three-velocity and
corresponding Lorentz factor of matter and nlb is the
unit vector that indicates the flight direction of neutrino
in the laboratory frame. The factor Dlb ≡ γ(1−nlb · v)

in Eq. (8) expresses the Doppler shift of neutrino energy.
From Eqs. (6) - (8), we can obtain the relation between
the collision terms in the two frames as

(δf

δt

)lb

col
= Dlb

(δf

δt̃

)fr

col
. (9)

The Lorentz transformation also gives the relation be-
tween the flight directions in the fluid-rest and laboratory
frames as

εfrnfr = εlb[nlb + {−γ + (γ − 1)
nlb · v
v2

}v]. (10)

Here nfr denotes the unit vector that specifies the flight
direction of neutrino in the fluid-rest frame. Using the
Doppler factor Dlb, we obtain

nfr =
1

Dlb
[nlb + {−γ + (γ − 1)

nlb · v
v2

}v]. (11)

Note that this relation no longer contains neutrino en-
ergy and the angle-transformations are decoupled from
the energy transformations. This is a great simplifica-
tion, which we make full use of in the following, and is a
consequence of the assumption that neutrinos are mass-
less. The solid-angle element is then transformed as

dΩfr =
1

(Dlb)2
dΩlb. (12)

In the Boltzmann equation, neutrino-matter interac-
tions are described in the collision terms. As is well
known, they are obtained most easily in the fluid-rest
frame. We hence evaluate the collision term in this
frame and use Eq. (9) to obtain the expression in the
laboratory frame. The interactions that we take into ac-
count in this paper are the same as those in Sumiyoshi
& Yamada (2012), the minimum set for supernova sim-
ulations. Since Sumiyoshi & Yamada (2012) worked in
the Newtonian approximation, we need the following re-
placements to employ their collision terms:

[1

c

δf

δt

]

→
(δf

δt̃

)fr

col
,

ε→ εfr,

Ω→Ωfr,

R∗→Rfr
∗ , (13)
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aberration by Lorentz transformation. The angular in-
tegration as shown in Eq. (14) for the isoenergetic scat-
tering is normally performed in the fluid-rest frame. In
our approach, however, that is done on LRG in the lab-
oratory frame. In so doing, the aberration effect is taken
account of as the Jacobian as follows

∫

A(Ωfr)dΩfr =

∫

B(Ωlb)
( dΩfr

dΩlb

)

dΩlb, (35)

where A is an arbitrary function of Ωfr and B is defined
as B(Ωlb) ≡ A(Ωfr(Ωlb)). The Jacobian (dΩfr/dΩlb) has
already been derived in Eq. (12).
As mentioned earlier, the collision terms are treated

fully implicitly. The point is that the matrix structure
originated from the collision terms is exactly the same as
the one for the NR case, which implies that the numeri-
cal tools developed for our Newtonian code (Sumiyoshi &
Yamada 2012) can be utilized for the present code as they
are. As a matter of fact, thanks to this implicit treat-
ment of collision terms the time steps ∆t in the 1D test
simulation of CCSNe (see Section 7.5) are comparable
to those in our previous simulations with a 1D implicit
GR Lagrangian Boltzmann-Hydro code (Sumiyoshi et al.
2005).

6.5. Step 5: Feedbacks to matter

Solving the Boltzmann equations in the previous step,
we now treat feedbacks from the neutrino-matter interac-
tions to hydrodynamics. The hydrodynamics equations
and the conservation equation for electron number are
written as9

T µν
hd ,ν =−G

µ, (36)

Nν
e ,ν =−Γ, (37)

where the right hand sides correspond to the feedbacks
and are written as

Gµ≡
∑

i

Gµ
i , (38)

Gµ
i ≡

∫

pµi

(δf

δτ

)

col(i)
dVp, (39)

Γ≡Γνe − Γν̄e , (40)

Γi≡
∫

(δf

δτ

)

col(i)
dVp. (41)

In these expressions, the invariant volume in the mo-
mentum space is denoted by dVp and the subscript ”i”
indicates the neutrino species.
At the very end of all steps, we again perform Steps 2

and 3, since matter velocities are changed due to the mo-
mentum exchange between matter and neutrinos. This
closes the update from t = tn to t = tn+1. We iterate
these steps as many times as needed.

7. VALIDATION

In order to validate our new formulation of SR Boltz-
mann Radiation-Hydrodynamics, we carry out a series of
code tests. We first focus on the Boltzmann solver, i.e.,
the feedbacks to hydrodynamics are ignored. We test the
advections and collisions separately in idealized setups in

9 See Eqs. (15)–(19)

order to see the code performance in each sector clearly.
In these tests, only electron-type neutrinos are taken into
account, since the treatments of SR effects are common
to other species.
We then perform SR Boltzmann-Hydro simulations of

1D spherical core collapse for the 15M⊙ progenitor. In
these test runs, we consider 3 species of neutrinos (νe,
ν̄e, and νx) and implement minimal but essential micro-
physics. For comparison, a NR simulation is also per-
formed. Based on the two results, we discuss the impor-
tance of SR effects.

7.1. Collision term: isoenergetic scattering

As discussed in Section 3, the isoenergetic scattering
is the primary source of difficulties in the Sn method for
the SR Boltzmann equation. This test is meant to see
whether our code can properly handle this process. This
is a single zone calculation, in which we deploy only one
spatial grid and the advection term is neglected. We are
concerned only with the collision term. Hydrodynamical
quantities are assumed to be constant in time and set
as ρ = 1012g/cm3, T = 2MeV, and Ye = 0.4, where ρ,
T , and Ye denote the density, temperature and electron
fraction, respectively. Under this thermodynamical con-
dition, free nucleons and nuclei are both existent. We
hence consider the following isoenergetic scatterings:

ν +N←→ν +N , (42)

ν +A←→ν +A . (43)

Although we drop the advection term in this test, we
set a non-vanishing velocity as follows:

vr = v cos θh, (44)

vθ = v sin θh cos φh, (45)

vφ= v sin θh sin φh, (46)

where vr, vθ, and vφ denote the radial, θ–, and φ– com-
ponents, respectively. They are assumed to be constant
in time and are controlled by three parameters, v, θh
and φh. In this test, we set v = 2× 1010cm/s, θh = π/4,
and φh = π/4, respectively. Note that this velocity is
considerably large by the CCSNe standard.
We assume that neutrinos are distributed isotropically

in the laboratory frame initially, and they have Fermi-
Dirac distributions in energy. The neutrino chemical po-
tential can be obtained by the assumption that neutrinos
are chemical equilibrium with matter. Since matter has a
non-vanishing velocity, neutrinos are initially anistropic
in the fluid-rest frame. Then, f should evolve towards
an isotropic distribution in the latter frame by the isoen-
ergetic scattering.
For this test, momentum space is covered with a grid

of Nϵ(= 20) points in energy and Nθν (= 6) ×Nφν
(= 6)

points in angles. The gridding of LRG has been explained
in detail in Section 5 and Figure 4 (see also Sumiyoshi &
Yamada (2012) for the construction of angular grid).
We show the numerical results in Figures 11 to 15.

Figure 11 displays the evolutions of f for different angles
but with the same energy (εfr = 60 MeV) in the fluid-
rest frame. As is expected, initially different values of
f are changed by the isoenergetic scatterings and con-
verge to a certain value by the time t ∼ 10−5s. Note
that we work on LRG in the laboratory frame and these
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aberration by Lorentz transformation. The angular in-
tegration as shown in Eq. (14) for the isoenergetic scat-
tering is normally performed in the fluid-rest frame. In
our approach, however, that is done on LRG in the lab-
oratory frame. In so doing, the aberration effect is taken
account of as the Jacobian as follows

∫

A(Ωfr)dΩfr =

∫

B(Ωlb)
( dΩfr

dΩlb

)

dΩlb, (35)

where A is an arbitrary function of Ωfr and B is defined
as B(Ωlb) ≡ A(Ωfr(Ωlb)). The Jacobian (dΩfr/dΩlb) has
already been derived in Eq. (12).
As mentioned earlier, the collision terms are treated

fully implicitly. The point is that the matrix structure
originated from the collision terms is exactly the same as
the one for the NR case, which implies that the numeri-
cal tools developed for our Newtonian code (Sumiyoshi &
Yamada 2012) can be utilized for the present code as they
are. As a matter of fact, thanks to this implicit treat-
ment of collision terms the time steps ∆t in the 1D test
simulation of CCSNe (see Section 7.5) are comparable
to those in our previous simulations with a 1D implicit
GR Lagrangian Boltzmann-Hydro code (Sumiyoshi et al.
2005).

6.5. Step 5: Feedbacks to matter

Solving the Boltzmann equations in the previous step,
we now treat feedbacks from the neutrino-matter interac-
tions to hydrodynamics. The hydrodynamics equations
and the conservation equation for electron number are
written as9

T µν
hd ,ν =−G

µ, (36)

Nν
e ,ν =−Γ, (37)

where the right hand sides correspond to the feedbacks
and are written as

Gµ≡
∑

i

Gµ
i , (38)

Gµ
i ≡

∫

pµi

(δf

δτ
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col(i)
dVp, (39)

Γ≡Γνe − Γν̄e , (40)

Γi≡
∫

(δf

δτ

)

col(i)
dVp. (41)

In these expressions, the invariant volume in the mo-
mentum space is denoted by dVp and the subscript ”i”
indicates the neutrino species.
At the very end of all steps, we again perform Steps 2

and 3, since matter velocities are changed due to the mo-
mentum exchange between matter and neutrinos. This
closes the update from t = tn to t = tn+1. We iterate
these steps as many times as needed.

7. VALIDATION

In order to validate our new formulation of SR Boltz-
mann Radiation-Hydrodynamics, we carry out a series of
code tests. We first focus on the Boltzmann solver, i.e.,
the feedbacks to hydrodynamics are ignored. We test the
advections and collisions separately in idealized setups in

9 See Eqs. (15)–(19)

order to see the code performance in each sector clearly.
In these tests, only electron-type neutrinos are taken into
account, since the treatments of SR effects are common
to other species.
We then perform SR Boltzmann-Hydro simulations of

1D spherical core collapse for the 15M⊙ progenitor. In
these test runs, we consider 3 species of neutrinos (νe,
ν̄e, and νx) and implement minimal but essential micro-
physics. For comparison, a NR simulation is also per-
formed. Based on the two results, we discuss the impor-
tance of SR effects.

7.1. Collision term: isoenergetic scattering

As discussed in Section 3, the isoenergetic scattering
is the primary source of difficulties in the Sn method for
the SR Boltzmann equation. This test is meant to see
whether our code can properly handle this process. This
is a single zone calculation, in which we deploy only one
spatial grid and the advection term is neglected. We are
concerned only with the collision term. Hydrodynamical
quantities are assumed to be constant in time and set
as ρ = 1012g/cm3, T = 2MeV, and Ye = 0.4, where ρ,
T , and Ye denote the density, temperature and electron
fraction, respectively. Under this thermodynamical con-
dition, free nucleons and nuclei are both existent. We
hence consider the following isoenergetic scatterings:

ν +N←→ν +N , (42)

ν +A←→ν +A . (43)

Although we drop the advection term in this test, we
set a non-vanishing velocity as follows:

vr = v cos θh, (44)

vθ = v sin θh cos φh, (45)

vφ= v sin θh sin φh, (46)

where vr, vθ, and vφ denote the radial, θ–, and φ– com-
ponents, respectively. They are assumed to be constant
in time and are controlled by three parameters, v, θh
and φh. In this test, we set v = 2× 1010cm/s, θh = π/4,
and φh = π/4, respectively. Note that this velocity is
considerably large by the CCSNe standard.
We assume that neutrinos are distributed isotropically

in the laboratory frame initially, and they have Fermi-
Dirac distributions in energy. The neutrino chemical po-
tential can be obtained by the assumption that neutrinos
are chemical equilibrium with matter. Since matter has a
non-vanishing velocity, neutrinos are initially anistropic
in the fluid-rest frame. Then, f should evolve towards
an isotropic distribution in the latter frame by the isoen-
ergetic scattering.
For this test, momentum space is covered with a grid

of Nϵ(= 20) points in energy and Nθν (= 6) ×Nφν
(= 6)

points in angles. The gridding of LRG has been explained
in detail in Section 5 and Figure 4 (see also Sumiyoshi &
Yamada (2012) for the construction of angular grid).
We show the numerical results in Figures 11 to 15.

Figure 11 displays the evolutions of f for different angles
but with the same energy (εfr = 60 MeV) in the fluid-
rest frame. As is expected, initially different values of
f are changed by the isoenergetic scatterings and con-
verge to a certain value by the time t ∼ 10−5s. Note
that we work on LRG in the laboratory frame and these
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Fig. 5.— Schematic pictures of the energy spectra of out-going neutrinos in the laboratory (upper) and fluid-rest frames (middle). Matter
is assumed to be optically thin and flows inwards at piecewise constant velocities with a discontinuity in the middle (lower picture). The
two red crosses in the bottom picture are locations where we measure the neutrino spectra. The spectrum should be unchanged across the
discontinuity in the laboratory frame whereas it will be blue-shifted in the fluid-rest frame.
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Fig. 17.— Energy spectra of out-going neutrinos at different radii in the vicinity of the discontinuity in the laboratory frame (left) and
in the fluid-rest frame (right). nr specifies the radial grid point. Note that the floor value of f is set to be 10−15.

the results just as expected without any numerical prob-
lems.

7.4. Advection term: 3D advection

This test is meant to check the Multi-D advection in
the optically thin matter with an inhomogeneous non-
radial velocity distribution. We assume that the neutrino
distribution is spherically symmetric in space. This is no
problem, since the matter is optically thin and there is
no interaction between the matter and neutrinos. This
poses a challenge in our method, however, since LRG
is not spherically symmetric in space and, as a conse-
quence, there is no guarantee that the neutrino distribu-
tion remains spherically symmetric in our formulation.
This test is hence good diagnostics on our handling of
the spatial advection.
The 3D velocity distribution is set in a similar way to

that in the previous test, Eq. (46), but with an additional
spatial dependence:

vr(r, θ,φ)= v(r, θ,φ) cos θh, (51)

vθ(r, θ,φ)= v(r, θ,φ) sin θh cos φh, (52)

vφ(r, θ,φ)= v(r, θ,φ) sin θh sin φh. (53)

We again set a non-vanishing non-radial velocity by
choosing θh = π/4, and φh = π/4. v(r, θ,φ) is given
as follows:

v(r, θ,φ)=2× 1010cos Ar(r)

×cos θ cos φ (cm/s),

Ar(r)=2π ×
r − rmin

rmax − rmin
, (54)

where rmax and rmin denote, respectively, the maxi-
mum and minimum radii of the computational region,
which is the spherical shell with rmin = 108 < r <
rmax = 108 + 109cm, 0 < θ < π and 0 < φ < 2π.
We deploy to this computational domain an LRG with
Nr = 6, Nθ = 4, Nφ = 6, Nϵ = 20, Nθν = 6, Nφν

= 6.
In the following we demonstrate that the neutrino dis-
tribution remains spherically symmetric with this small
number of spatial and angular grid points. We inject
from the inner boundary out-going neutrinos with the

Fermi-Dirac distribution employed in the previous tests.
The simulation is continued until the neutrino distribu-
tion becomes steady.
We summarily display the results of this test in Fig-

ure 18. The upper left panel shows the energy spectra
for different nφν

’s (with nθν = 6 being fixed) at nr = 6
and nθ = 1 in the laboratory frame. Note that if the neu-
trino distribution is exactly spherically symmetric, these
spectra should coincide with each other. As seen in this
figure, they agree quite well despite they are computed
on the LRG, which is not spherically symmetric. The
upper right panel is the same as the upper left, but for
nθν = 4. Note that these neutrinos propagate in a non-
radial direction. Again their spectra depend on φν very
weakly. Finally, we display in the bottom panel the en-
ergy spectra at a different radial location nr = 6. This
time, nθν = 6 and nφν

= 1 are fixed and nθ is varied.
We can confirm also in this case that all energy spectra
are in good agreement. It is emphasized again that these
results are not trivial and, in fact, the test is very severe,
since we assume here very fast matter motions (∼ 60% of
the speed of light) with large inhomogeneities. We hence
think that our new method works satisfactorily.

7.5. SR Boltzmann-Hydro Simulations: the spherical
collapse of 15M⊙ progenitor

So far we have tested the advection and collision sep-
arately in simplified set-ups. In reality, however, they
are non-linearly coupled with each other and dictate the
neutrino transfer and, as a consequence, the dynamics
of CCSNe. In order to confirm that our new method
is indeed applicable to realistic simulations of CCSNe,
we conduct here a 1D spherically symmetric Boltzmann-
Hydro simulation for the collapse of 15M⊙ progenitor (a
non-rotating star with the solar metallicity referred to as
s15.0 in Woosley et al. (2002)). We employ an LRG with
Nr = 300, Nϵ = 20, Nθν = 8 covering the computational
domain of 0 < r < 4 × 108cm. For comparison, we also
perform a NR simulation for the same set-up. Although
the simulation is continued after bounce until the shock
wave is stalled, we focus here on the collapsing phase,
since the infall velocity is largest and SR effects are most
clearly discernible.
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the results just as expected without any numerical prob-
lems.

7.4. Advection term: 3D advection

This test is meant to check the Multi-D advection in
the optically thin matter with an inhomogeneous non-
radial velocity distribution. We assume that the neutrino
distribution is spherically symmetric in space. This is no
problem, since the matter is optically thin and there is
no interaction between the matter and neutrinos. This
poses a challenge in our method, however, since LRG
is not spherically symmetric in space and, as a conse-
quence, there is no guarantee that the neutrino distribu-
tion remains spherically symmetric in our formulation.
This test is hence good diagnostics on our handling of
the spatial advection.
The 3D velocity distribution is set in a similar way to

that in the previous test, Eq. (46), but with an additional
spatial dependence:

vr(r, θ,φ)= v(r, θ,φ) cos θh, (51)

vθ(r, θ,φ)= v(r, θ,φ) sin θh cos φh, (52)

vφ(r, θ,φ)= v(r, θ,φ) sin θh sin φh. (53)

We again set a non-vanishing non-radial velocity by
choosing θh = π/4, and φh = π/4. v(r, θ,φ) is given
as follows:

v(r, θ,φ)=2× 1010cos Ar(r)

×cos θ cos φ (cm/s),

Ar(r)=2π ×
r − rmin

rmax − rmin
, (54)

where rmax and rmin denote, respectively, the maxi-
mum and minimum radii of the computational region,
which is the spherical shell with rmin = 108 < r <
rmax = 108 + 109cm, 0 < θ < π and 0 < φ < 2π.
We deploy to this computational domain an LRG with
Nr = 6, Nθ = 4, Nφ = 6, Nϵ = 20, Nθν = 6, Nφν

= 6.
In the following we demonstrate that the neutrino dis-
tribution remains spherically symmetric with this small
number of spatial and angular grid points. We inject
from the inner boundary out-going neutrinos with the

Fermi-Dirac distribution employed in the previous tests.
The simulation is continued until the neutrino distribu-
tion becomes steady.
We summarily display the results of this test in Fig-

ure 18. The upper left panel shows the energy spectra
for different nφν

’s (with nθν = 6 being fixed) at nr = 6
and nθ = 1 in the laboratory frame. Note that if the neu-
trino distribution is exactly spherically symmetric, these
spectra should coincide with each other. As seen in this
figure, they agree quite well despite they are computed
on the LRG, which is not spherically symmetric. The
upper right panel is the same as the upper left, but for
nθν = 4. Note that these neutrinos propagate in a non-
radial direction. Again their spectra depend on φν very
weakly. Finally, we display in the bottom panel the en-
ergy spectra at a different radial location nr = 6. This
time, nθν = 6 and nφν

= 1 are fixed and nθ is varied.
We can confirm also in this case that all energy spectra
are in good agreement. It is emphasized again that these
results are not trivial and, in fact, the test is very severe,
since we assume here very fast matter motions (∼ 60% of
the speed of light) with large inhomogeneities. We hence
think that our new method works satisfactorily.

7.5. SR Boltzmann-Hydro Simulations: the spherical
collapse of 15M⊙ progenitor

So far we have tested the advection and collision sep-
arately in simplified set-ups. In reality, however, they
are non-linearly coupled with each other and dictate the
neutrino transfer and, as a consequence, the dynamics
of CCSNe. In order to confirm that our new method
is indeed applicable to realistic simulations of CCSNe,
we conduct here a 1D spherically symmetric Boltzmann-
Hydro simulation for the collapse of 15M⊙ progenitor (a
non-rotating star with the solar metallicity referred to as
s15.0 in Woosley et al. (2002)). We employ an LRG with
Nr = 300, Nϵ = 20, Nθν = 8 covering the computational
domain of 0 < r < 4 × 108cm. For comparison, we also
perform a NR simulation for the same set-up. Although
the simulation is continued after bounce until the shock
wave is stalled, we focus here on the collapsing phase,
since the infall velocity is largest and SR effects are most
clearly discernible.
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Fig. 18.— Energy spectra at different points in phase space. Upper left: nr = 6, nθ = 1, nθν = 6 and different nφν
. Upper right: the

same as the upper left but for nθν = 4. Bottom panel: the same as the previous two panels but for nr = 6, nθν = 6, and nφν
= 1.

Figure 19 shows that the evolution of the number den-
sity of νe at the center for both the SR and NR sim-
ulations. Initially these two simulations follow almost
the same evolutionary path. After the central density
reaches ρc ∼ 1012g/cm3, however, they start to deviate
and become different by more than a factor of ∼ 4 at
ρc ∼ 1014g/cm3. During the latter period, neutrinos un-
dergo isoenergetic scatterings on nuclei called coherent
scatterings and, as shown shortly, this is the source of
discrepancy in fact.
In order to clearly see the SR effects by the matter

motion, the left panels of Figure 20 show as a function
of radius the radial component of the number flux, i.e.,
the energy-integrated first-angular moment of fνe in the
laboratory frame:

F r(r) ≡
∫

cos θνf(r,Ω
lb, εlb)dΩlbdV lb

ε , (55)

where dV lb
ε denotes the volume element of energy space

in the laboratory frame. The upper panel corresponds
to the time when the central density reaches ρc =
1012g/cm3 whereas the bottom one shows the result at
the time of ρc = 1014g/cm3, respectively. On the right
panels, matter velocities are displayed as a function of
time for the same times.
As is evident in the left panels, the number flux be-

haves qualitatively differently in the SR and NR cases:
F r in the SR simulation is negative in the inner region
(r ! 60km), whereas it is positive everywhere in the NR.

Simply put, neutrinos are moving in the opposite direc-
tion if SR is ignored. This is understood as follows (see
also Section 2): matter is optically thick to neutrinos in
the inner region and neutrinos tend to diffuse outwards
as observed in the NR simulation; the matter is infalling,
on the other hand, and tends to drag neutrinos inwards;
this is made possible by frequent interactions between the
matter and neutrinos; in fact, as demonstrated in Sec-
tions 7.1 and 7.2, scatterings and emissions/absorptions
render the neutrino distribution isotropic in the fluid-rest
frame and, as a consequence, produce a flux in the di-
rection of velocity in the laboratory frame after Lorentz
transformation; if SR is neglected, neutrinos are isotrop-
ically distributed even in the laboratory frame and no
dragging occurs; this is the cause for the discrepancy.
Note that this dragging (and hence SR) is crucially im-
portant for neutrino trapping as shown next.
In Figure 21, we display the radial distribution of lep-

ton fraction at two different times when the central den-
sity reaches ρc = 1013g/cm3 and 1014g/cm3. The left
panel presents the results of the SR simulation, while
the right panel gives the NR counterpart. We can im-
mediately recognize a remarkable difference. In the SR
simulation, two lines are almost the same, in particular
forMr < 0.6M⊙, whereMr denotes the mass coordinate.
This means that the lepton number is conserved in each
fluid element as it should after neutrino trapping. For
the NR case, on the other hand, the lepton fraction is
decreased even in the central region, while it is increased
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Fig. 17.— Energy spectra of out-going neutrinos at different radii in the vicinity of the discontinuity in the laboratory frame (left) and
in the fluid-rest frame (right). nr specifies the radial grid point. Note that the floor value of f is set to be 10−15.

the results just as expected without any numerical prob-
lems.

7.4. Advection term: 3D advection

This test is meant to check the Multi-D advection in
the optically thin matter with an inhomogeneous non-
radial velocity distribution. We assume that the neutrino
distribution is spherically symmetric in space. This is no
problem, since the matter is optically thin and there is
no interaction between the matter and neutrinos. This
poses a challenge in our method, however, since LRG
is not spherically symmetric in space and, as a conse-
quence, there is no guarantee that the neutrino distribu-
tion remains spherically symmetric in our formulation.
This test is hence good diagnostics on our handling of
the spatial advection.
The 3D velocity distribution is set in a similar way to

that in the previous test, Eq. (46), but with an additional
spatial dependence:

vr(r, θ,φ)= v(r, θ,φ) cos θh, (51)

vθ(r, θ,φ)= v(r, θ,φ) sin θh cos φh, (52)

vφ(r, θ,φ)= v(r, θ,φ) sin θh sin φh. (53)

We again set a non-vanishing non-radial velocity by
choosing θh = π/4, and φh = π/4. v(r, θ,φ) is given
as follows:

v(r, θ,φ)=2× 1010cos Ar(r)

×cos θ cos φ (cm/s),

Ar(r)=2π ×
r − rmin

rmax − rmin
, (54)

where rmax and rmin denote, respectively, the maxi-
mum and minimum radii of the computational region,
which is the spherical shell with rmin = 108 < r <
rmax = 108 + 109cm, 0 < θ < π and 0 < φ < 2π.
We deploy to this computational domain an LRG with
Nr = 6, Nθ = 4, Nφ = 6, Nϵ = 20, Nθν = 6, Nφν

= 6.
In the following we demonstrate that the neutrino dis-
tribution remains spherically symmetric with this small
number of spatial and angular grid points. We inject
from the inner boundary out-going neutrinos with the

Fermi-Dirac distribution employed in the previous tests.
The simulation is continued until the neutrino distribu-
tion becomes steady.
We summarily display the results of this test in Fig-

ure 18. The upper left panel shows the energy spectra
for different nφν

’s (with nθν = 6 being fixed) at nr = 6
and nθ = 1 in the laboratory frame. Note that if the neu-
trino distribution is exactly spherically symmetric, these
spectra should coincide with each other. As seen in this
figure, they agree quite well despite they are computed
on the LRG, which is not spherically symmetric. The
upper right panel is the same as the upper left, but for
nθν = 4. Note that these neutrinos propagate in a non-
radial direction. Again their spectra depend on φν very
weakly. Finally, we display in the bottom panel the en-
ergy spectra at a different radial location nr = 6. This
time, nθν = 6 and nφν

= 1 are fixed and nθ is varied.
We can confirm also in this case that all energy spectra
are in good agreement. It is emphasized again that these
results are not trivial and, in fact, the test is very severe,
since we assume here very fast matter motions (∼ 60% of
the speed of light) with large inhomogeneities. We hence
think that our new method works satisfactorily.

7.5. SR Boltzmann-Hydro Simulations: the spherical
collapse of 15M⊙ progenitor

So far we have tested the advection and collision sep-
arately in simplified set-ups. In reality, however, they
are non-linearly coupled with each other and dictate the
neutrino transfer and, as a consequence, the dynamics
of CCSNe. In order to confirm that our new method
is indeed applicable to realistic simulations of CCSNe,
we conduct here a 1D spherically symmetric Boltzmann-
Hydro simulation for the collapse of 15M⊙ progenitor (a
non-rotating star with the solar metallicity referred to as
s15.0 in Woosley et al. (2002)). We employ an LRG with
Nr = 300, Nϵ = 20, Nθν = 8 covering the computational
domain of 0 < r < 4 × 108cm. For comparison, we also
perform a NR simulation for the same set-up. Although
the simulation is continued after bounce until the shock
wave is stalled, we focus here on the collapsing phase,
since the infall velocity is largest and SR effects are most
clearly discernible.

Iso-­‐energy	
  Scajering	


AdvecBon	
  in	
  	
  the	
  
shocked	
  region	


24 Nagakura et al.

-8e+41

-6e+41

-4e+41

-2e+41

 0

 2e+41

 4e+41

 6e+41

 8e+41

 1e+42

 1e+06  1e+07  1e+08

Fr  (1
/(c

m
2  s

))

radius (cm)

SR
Non-SR

-1.4e+09

-1.2e+09

-1e+09

-8e+08

-6e+08

-4e+08

-2e+08

 0

 1e+06  1e+07  1e+08

vr  (c
m

/s
)

radius (cm)

SR
Non-SR

-3.5e+45

-3e+45

-2.5e+45

-2e+45

-1.5e+45

-1e+45

-5e+44

 0

 5e+44

 100000  1e+06  1e+07  1e+08

Fr  (1
/(c

m
2  s

))

radius (cm)

SR
Non-SR

-4e+09

-3.5e+09

-3e+09

-2.5e+09

-2e+09

-1.5e+09

-1e+09

-5e+08

 0

 100000  1e+06  1e+07  1e+08

vr  (c
m

/s
)

radius (cm)

SR
Non-SR

Fig. 20.— The radial distributions of the radial νe number flux in the laboratory frame (left panels) and those of the radial matter
velocity (right panels). Upper panels show the results at the time when the central density ρc reaches 1012g/cm3 whereas lower panels
correspond to the time of ρc = 1014g/cm3. The red (green) lines are obtained in the SR (NR) simulations.
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