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4 Covino et al.

Figure 2. Top panel: Polarization degree and position angle for all
the positive detections, i.e. upper limits are excluded. Bottom panel:
Q and U Stokes’ parameters for all the available data, i.e. including
upper limits.
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Figure 2. Cartoon explaining the behaviour of polarization from a shock-
generated magnetic field in a collimated outflow. The grey circle shows the fireball
seen face on. The asterisk in the lower centre of the circle shows the location of
the line of sight. Time runs from left to right and from top to bottom. The coloured
rings with arrows show the location of the photon producing rings. The whole ring
(blue) is initially inside the fireball and no polarization is seen. At later times, the
lower part of the ring is lost and horizontal polarization is detected (red). Finally
(orange ring) only the top part of the ring is seen and vertical polarization is
detected. These two parts are separated by a moment of vanishing polarization
when only half of the ring is visible (magenta).

After the discovery of polarization in GRB990510 [21, 22], polarimetric observations in
search for the position angle rotation have been performed in a number of bursts. Observations of
good quality have been obtained for GRB 021004 [23], GRB 020813 [24] and GRB 030329 [25]
(see Covino et al [26] for a complete review of polarization observations in GRB afterglows).
For the case of GRB 021004, it was initially claimed that the 90◦ rotation had been detected.
However, it was subsequently shown that the rotation had been observed at time earlier than
expected [27]. The rotation of the position angle is supposed to be roughly coincident with the
time at which the jet geometry produces a steepening in the afterglow light curve [15, 28]. In
the case of GRB 021004 it was observed an order of magnitude earlier in time [27]. In addition,
a progressive change was observed rather than a sudden one. A possible explanation for the
strange behaviour of the polarization angle of GRB 021004 is that its fireball was not uniformly
bright. The presence of prominent bumps in its light curve [29] is suggestive of such a case. If the
fireball is not uniformly bright, then the polarization component of the bright spots dominates
over the rest [20, 27, 30]. The polarization during flares can therefore be larger and show a

New Journal of Physics 8 (2006) 131 (http://www.njp.org/)
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Figure 3. Polarization curves from a top-hat jet with shock-generated magnetic
field. Different colours show polarization for different viewing angles in units of
the jet opening angle. All curves but the one with θo = θj have two polarization
peaks. The polarization angle in the two peaks is rotated by 90◦. The black curve
has only one peak that has the same orientation of the second peak of the other
curves.

random orientation of the position angle. Additional modifications of the polarization curve can
be due to the propagation of the afterglow photons in the interstellar medium (ISM). Dust grains
are dichroic and bi-refringent and induce polarization (and/or rotate the intrinsic one, if any
[27]). Local dust induced polarization is however easy to disentangle from the prompt one with
a suitable set of observations. It has a well-known spectral dependence and is constant in time.
High redshift dust induced polarization is not well known. It is expected that it should be less
severe (for a given amount of dust) since the grains are expected to be smaller (the extinction
curves are often analogous to SMC templates). GRB afterglow spectropolarimetry is a great
tool to study high redshift dust. Unfortunately, so far no induced polarization has been detected,
probably due to the unavoidable bias that associates induced polarization with extinction.

A more fortunate case is that of GRB 020813. This GRB had the smoothest light curve
measured so far, with stringent limits on its variability (on top of the regular broken power-law
behaviour) [31]. Polarization measurements were performed with good signal to noise before
and after the jet break, an ideal sample to check for the presence of the 90◦ rotation of the position
angle. The modelling of the data showed that no rotation was present, ruling out for this event a
simple top-hat jet configuration with shock-generated magnetic field [24]. Either the structure of
the jet or of its magnetic field have to be different than what postulated in the simplest scenario.
Polarization from structured jets (with bright cores and dimmer wings) was computed by
Rossi et al [19]. In this configuration, for a shock generated magnetic field, the polarization
position angle is always towards the brightest part of the jet and therefore no rotation of the
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Figure 1. Sample image obtained by HOWPol in one-shot polarimetry mode
for GRB 091208B. Each object produces four images by linearly polarized rays
at the 0◦, 90◦, 45◦, and 135◦ position angles, respectively, on the projected sky.
C1–C3 are comparison stars for magnitude reference. The vertical gap around
the center (∼40′′ width) is due to the mechanical gap between the two CCDs.
(A color version of this figure is available in the online journal.)

Kawabata et al. 2008) attached to the Nasmyth focus on the
1.5 m Kanata telescope at Higashi-Hiroshima Observatory,
Japan. Since HOWPol uses a wedged double Wollaston prism
(Oliva 1997) at the pupil image position after the collimator
lens, four images by linearly polarized rays at 0◦, 90◦, 45◦, and
135◦ position angles (P.A.s), respectively, are recorded on two
2k4k HPK CCDs simultaneously. This enables us to obtain all
three Stokes parameters for linear polarization, i.e., I, Q, U ,
from only a single exposure. Our observation started at 2009
December 8.41142 UT, t = 149 s, which was automatically
processed after receiving the Swift/BAT Notice via GCN. This
is one of the earliest polarimetry to date, as far as we know. We
took ten 30 s exposures and then nine 60 s exposures through
a 15′φ aperture mask and an R-band filter. The observation
finished at December 8.42458, t = 1286 s. Figure 1 shows a
sample image of GRB 091208B obtained with HOWPol.

The raw data were reduced in a standard way for CCD
aperture photometry. For the photometric calibration, we used
R2 magnitudes of three nearby stars (C1–C3: USNO B 1068-
0020023, 1068-0020019, and 1069-0020340). The optical light
curve can be described with a single power-law form (decay
index αO = −0.75 ± 0.02), as shown in Figure 2. For
polarimetry, we could not use the sixth exposure (centered at
t = 376 s) and all exposures after the 13th (t = 791 s) because
one out of four polarization images of the GRB falls into the
gap of the two CCDs due to slight telescope guiding error. It
reduces the number of available frames for polarimetry to 11. As
for polarimetric calibration, we corrected for the instrumental
polarization of Pinstr ≃ 3.9%, predominantly caused by the 45◦

incidence reflection on the tertiary mirror of the telescope. The
instrumental polarization has been modeled with an accuracy
of ∆Pinstr ! 0.5% as a function of the hour angle and the
declination (and also of the position taken in the field of
view) of the object by systematic observations of unpolarized
standard stars, and then checked by observations of strongly
polarized standard stars. In the case of GRB 091208B, it changed
gradually with time from Qinstr = −3.65% to −3.70% and

Figure 2. Optical and X-ray light curves of GRB 091208B. Our optical and
Swift/XRT data are indicated by the filled squares and crosses, respectively.
Open squares are the optical data reported in GCN. The solid lines are the
best-fitted power-law models for the optical light curve (with the decay index
of αO = −0.75 ± 0.02). The thick horizontal bar at the left bottom part shows
the period of our polarimetry. The derived polarization degree is also indicated.
(A color version of this figure is available in the online journal.)
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Figure 3. QU diagram of the GRB afterglow and nearby stars. For the bright
comparison star C3, we demonstrate the frame-to-frame variation of Q and U,
which suggests that the residual systematic is negligible (!1%). For other stars
we show time-averaged polarization at t = 149–706 s.
(A color version of this figure is available in the online journal.)

Uinstr = −1.05% to −0.88% over the 11 exposures. The detailed
procedure and reliability of this “one-shot polarimetry” will
appear in a forthcoming paper (K. S. Kawabata et al. 2012, in
preparation).

Since the signal-to-noise (S/N) ratio of each single exposure
is not sufficient for polarimetry (∆P " 5 %), we combined all
11 Q and U parameters to enhance the reliability. We performed
a traditional, statistic correction for the polarization bias in
cases of low S/N as Preal =

!
P 2 − (σP )2 (Serkowski 1958;

see also Patat & Romaniello 2006). The derived polarization
is Q = −10.3% ± 2.5% and U = −0.7% ± 2.2% (i.e.,
P = 10.4% ± 2.5% and P.A. = 92◦ ± 6◦). The Galactic
interstellar extinction indicates that the interstellar polarization
toward this GRB is negligibly small (PISP # 9EB−V = 0.5%;
Serkowski et al. 1975; Schlegel et al. 1998). To check the
consistency, we obtained the polarization of nearby stars (#4′)
brighter or comparably fainter than the GRB afterglow taken
in the same frames and plot them in QU diagram (Figure 3).
Assuming that they are mostly Galactic normal stars having
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The theoretical maximum degree of linear polarization of synchro-
tron radiation emitted by electrons in a perfectly homogeneous mag-
netic field is P < 70%; the difference between the measured and the
theoretical maximum can therefore provide further constraints on the

physical properties of the emitting source. The measured net polariza-
tion can be less than the theoretical maximum because of (1) the dilu-
tion of polarized reverse-shock emission by unpolarized forward-shock
emission, (2) the combination of ordered magnetic fields from the central
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Figure 2 | Evolution of optical polarization and
brightness in GRB 120308A. a, b, Evolution of
polarization degree P (a) and position angle h
(b; degrees east of north) for GRB 120308A.
Individual 0.125-s RINGO2 exposures at the eight
Polaroid angles are co-added over a desired time
interval into eight images, on which absolute
aperture photometry is performed and
P and h derived. Owing to the low read noise of the
system, data from each rotation angle can be
stacked into temporal bins after data acquisition to
optimize signal-to-noise ratio versus time
resolution. Here the data were subdivided into four
bins of duration ,84 s and one bin of ,252 s giving
roughly equal signal-to-noise ratio. The observed
polarization properties are robust to alternative
choices of temporal binning (see Supplementary
Information and Extended Data Figs 7, 8, 9). Error
bars, 61s, as described in Fig. 1b. c, Light curve of
GRB 120308A in red (555–690 nm) light using
RINGO2 and RATCam. Data have been cross-
calibrated to the SDSS r9 system via five objects in
common, with a possible systematic error of up to
,6% between the two instruments due to colour
effects. Model fits using one peak (blue solid line)
or two peaks (broken grey line for each component;
resultant combined light curve in solid grey) are
shown with an additional point26 constraining late
time behaviour (see Supplementary Information).
The two-peak model is statistically slightly
preferred. Error bars, 61s.
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Figure 1 | Time-integrated optical properties of the GRB 120308A field.
a, RINGO2 total intensity image of 49 3 49 field containing GRB 120308A, with
total exposure time 588 s. The GRB (boxed) and seven comparison objects
(numbered) are indicated; the directions of north and east are shown. RINGO2
combines a Polaroid polarizer rotating at ,1 revolution s21 with a fast readout
electron multiplying CCD camera that is triggered eight times per revolution.
Summing data from each rotation angle allows derivation of the total intensity
for each source in the image, while analysis of their relative intensities allows
calculation of their Stokes parameters25. Measurements are not affected by
variations in source brightness or observing conditions on timescales .1 s
owing to the rapid rotation of the polaroid. There is no significant variation in
atmospheric transparency or seeing (image point-spread function) over the
588-s exposure. b, Measured time-averaged polarization P of all objects versus

apparent magnitude. As P is a one-sided (always positive) quantity, noise in the
Stokes q and u parameters translates into a rising P with large uncertainty for
the faintest objects, even though their actual polarization is likely to be small.
The strong time-averaged polarization of the GRB (red symbol) of 20%
compared to sources of similar brightness is obvious. Error bars (61s) were
calculated using a Monte Carlo simulation (N 5 10,000). This used a range of
input q and u values with an error distribution calculated from the combination
of photon counting statistics with the uncertainty in instrumental calibration to
calculate 1s ranges of P and position angle (h) for each object. All quoted
measurements in this Letter use this Monte Carlo estimator, although because
polarization in GRB 120308A is significantly non-zero, the derived errors
(within ,1% absolute error) are comparable to standard error analyses for that
object (see Supplementary Information and Extended Data Figs 1, 2, 3, 4, 5, 6).
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Figure 2. Light curve of the afterglow of GRB 090102 in X-ray, g′, R, i′, z′, J, H and K bands from Tables 1 and 2. For clarity, upper limits have been omitted.
When not plotted, the error bars have the size of the symbols or smaller. These light curves have been corrected for the galactic extinction/absorption due to
the Milky Way. The X-ray light curve is extracted in the 0.5- to 10.0-keV band. The dotted line is the best-fitting decay law (see text for details). The left axis
applies to optical/IR data, the right axis to X-ray data.

find any evidence for spectral variation during the whole follow-up
of the afterglow. The spectrum is well modelled (χ 2

ν = 0.92, 102
d.o.f.) by a single power law with spectral index βX = 0.83 ± 0.09
absorbed in our own galaxy and by extragalactic absorbers (NH =
8.8+2.7

−2.5 × 1021 cm−2 when located within the host galaxy).
The light curve was extracted within the 0.5–10.0 keV band and

rebinned in order to obtain at least 25 counts per bin. All decay index
indicated below are derived from fits using the χ 2 statistic. We did
not observe strong flares (see Fig. 2). A single moderate flare can
be seen in the unbinned light curve during orbit 2 (corresponding
to the period ∼2000–4000 s after the trigger), which has been
excluded from the temporal analysis. The complete light curve can
be adequately fit (χ 2

ν = 1.18, 65 d.o.f.) using a single power law
with a decay index αX = 1.34 ± 0.02. A broken power law can
also represent the data (χ 2

ν = 0.99, 63 d.o.f.) with α1,X = 1.29 ±
0.03, α2,X = 1.48 ± 0.10, and a break time tb = 18 700+14 500

−8000 s. With
the observed steepening, %α = 0.19 ± 0.11, this break could be
interpreted as the cooling frequency passing through the observation
band. However, this should be associated with a spectral break not
supported by the data. An F-test check on the break existence gives
a probability of 0.26, i.e. a value not conclusive. One may note
however that in this special case (large error on tb that make it
compatible with 0 within 3σ ), the probability derived from the

F-test should not be considered as valid (see Protassov et al. 2002).
As a matter of consequence, in the following we will consider both
hypotheses (single power law or broken power law), and report
early and late X-ray data as data taken before and after the temporal
break, respectively.

3.2 Optical data

At the position of the afterglow, the Galactic extinction is E(B −
V) = 0.047 according to Schlegel, Finkbeiner & Davis (1998). We
corrected all magnitudes using this estimation. Assuming Rv = 3.1,
this gives in particular AR = 0.14 (Pei 1992). The specific data
processing relative to all instruments is indicated in the following
subsections. We completed this sample by using reported obser-
vations by Cenko et al. (2009); de Ugarte Postigo et al. (2009a);
Malesani et al. (2009). This extended sample of data taken in the R
band is listed in Table 1.

3.2.1 TAROT data

We used data from TAROT Calern (Klotz, Boër & Eysseric 2009d)
that started an exposure of the field of GRB 090102 at T0 + 40.8 s
(duration 60 s) with the tracking speed adapted to obtain a small

C⃝ 2010 The Authors. Journal compilation C⃝ 2010 RAS, MNRAS 405, 2372–2380
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Fig. 1.—Polarization spectrum of a late-time GRB afterglow, at day,t p 1
inferred from the standard external shock model in which all the electrons are
accelerated, i.e., . The degrees of linear polarization (thin solid line)f p 1 PL

and circular polarization (thick solid line) are shown. The degrees arePC

calculated as times those for completely ordered magnetic field,!1.5!1/ N ∼ 10
i.e., they are calibrated by detected optical linear polarization (Covino et al.
2004). Typical values of parameters are used: ergs, ,52 !3E p 10 n p 1 cm

, , and .!2 !1e p 10 e p 10 p p 2.2B e

handed system of coordinates with the wavevector k along axis
3 and the magnetic field B on plane 2-3 is adopted. Here

are polarization-dependent emissivity, and ( ) are∗h k kI,Q,V I,Q,V Q,V

the transfer coefficients related to the anti-Hermitian (Hermi-
tian) part of the dielectric tensor, describing polarization-de-
pendent absorption (the polarization of the normal modes of
the plasma). If , the normal modes are circularly∗ ∗Fk F k Fk FV Q

polarized, and the transfer equation (1) indicates that the con-
version of Q and U occurs. This is the well-known Faraday
rotation. If , the normal modes are linearly polar-∗ ∗Fk F k Fk FQ V

ized and the conversion of U and V occurs. This is called
Faraday conversion.

We define the optical depth , the rotation deptht p k sI

, and the conversion depth . The prop-∗ ∗t p Fk Fs t p Fk FsV V Q Q

erties of the solution of the transfer equation (1) are as follows.
First, suppose that the absorption effect is not significant, i.e.,

. In this case equation (1) may be integrated easily (Mel-t K 1
rose 1980b; Jones & O’Dell 1977). For , we obtain∗ ∗Fk F k Fk FV Q

the linear polarization

2 2 1/2(Q " U ) h sin (t /2)Q VP p " , (2)L F FI h t /2I V

and the circular polarization is given by the intrinsic one,
. For , the linear polarizationP p FVF/I p Fh /h F t k 1C V I V

damps. This results from the fact that the emission from dif-
ferent points through the source have its polarization plane
rotated at different angles. Analogously, for and∗ ∗Fk F k Fk FQ V

, the damping of occurs while remains intrinsic.t k 1 P PQ C L

Second, in the case in which the absorption effect is signif-
icant, i.e., , we can obtain the polarization degrees ap-t k 1
proximately by eliminating the differential term from equation
(1). As an example, if the Faraday effects are weaker than the
absorption effect, i.e., and ,2 ∗2 2 ∗2k k k k k kI V I Q

h /h ! k /kQ I Q IP " (3)L F F1 ! (h /h )(k /k )Q I Q I

is obtained to the leading order. The circular polarization is
similarly given by ." Fh /h ! k /kFV I V I

In the following sections, we apply this formulation to the

late-time GRB afterglows. The anisotropic part of the dielectric
tensor is tens of magnitudes smaller than unity for the shocked
plasma of a typical GRB afterglow. We assume that (1) the
pitch-angle distribution of electrons is isotropic for simplicity;
(2) the shocked plasma is spatially homogeneous; 3 (3) the
shocked plasma consists of a number of random cells within
each of which magnetic field is ordered. With the third as-
sumption, we obtain the observed linear and circular polari-
zations by times those for completely ordered magnetic!1/ N
field, where N is the number of the random cells in the visible
region (Jones & O’Dell 1977; Gruzinov & Waxman 1999). To
reproduce the optical detection at the level of ∼1%–3% (Covino
et al. 2004), N would be ∼103.

3. POLARIZATION OF LATE-TIME GRB AFTERGLOWS

In this section, we derive the polarization spectrum of the
late-time afterglow, based on the standard external shock model
in which all the electrons are accelerated, i.e., (see § 1).f p 1
The energy distribution of the electrons is assumed to be

for . The transfer coefficients for such!pdn/dg ∝ g g ≥ ge e e m

electron plasma are summarized for frequency region byn 1 nm

Jones & O’Dell (1977) and for by Matsumiya &n K n K nB m

Ioka (2003),4 where is the characteristic synchrotron fre-nm

quency corresponding to and is the nonrelativistic electrong nm B

Larmor frequency.
The radius of the shock and the Lorentz factor of the shocked

fluid evolve as and1/4R " (17Et/4pm cn) G "p

, respectively, where t is the observer5 3 1/8(17E/1024pm c nt )p

time (Sari et al. 1998). The comoving width of the shocked
plasma shell can be estimated by , which we use as theR/4G
path length of the transfer equation (1). The magnetic field
strength, the minimum Lorentz factor, and the number density
of the accelerated electrons are written as B p

, , and , respec-2 1/2(32pm c e n) G g p e (m /m )G n p 4Gnp B m e p e acc

tively. Then we obtain Hz and6 1/4 1/4 1/2 !3/4n " 4 # 10 E n e tB 52 0 B,!2 d

Hz, respectively. Here (and12 1/2 1/2 2 !3/2n " 6 # 10 E e e tm 52 B,!2 e,!1 d

hereafter) we have adopted the notation in cgsxQ p Q/10x

units and day.t p t/1d

Figure 1 illustrates the polarization spectrum of the late-time
GRB afterglow. The frequencies at which and equalt, t , tV Q

unity are given by Hz,9 1/5 3/5 1/5 !1n " 3 # 10 E n e e n "a 52 0 B,!2 e,!1 V

Hz, and Hz,9 3/16 9/16 1/4 !1 !1/16 9 1/5 3/5 1/5 !110 E n e e t n " 10 E n e e52 0 B,!2 e,!1 d Q 52 0 B,!2 e,!1

where has been used as a fiducial value. Sincep p 2.2 n 1a

, so that no plasma effects are significant in the opticallyn " nQ V

thin regime and the intrinsic degree of polarization isn 1 na

obtained, andP p h /h p 0.5 P p Fh /hF "L Q I C V I

for . For ,!1 !1/3g (n/n ) n K n n 1 n P p (p " 1)/[p "m m m m L

and . In the optically thick re-!1 !1/2(7/3)] " 0.7 P " g (n/n )C m m

gime , , and are satisfied, and the linear2 2 2 2n ! n t k t t k ta V Q

polarization is given by equation (3). Because h /h pQ I

for , the intrinsic linear polarization vanishesk /k p 0.5 n K nQ I m

and is only produced by the conversion of the circularPL

polarization. The transfer equation (1) indicates that P ≈L

and∗ !2(k /k )(h /h ! k /k ) ≈ 2 # 10 Fh /h F P ≈ h /h !Q I V I V I V I C V I

. All the characteristic frequencies!2k /k ≈ 6 # 10 Fh /hF n ,V I V I a

, and are weakly dependent on time, so that the polarizationn nQ V

spectrum does not evolve significantly. The suppression of
due to absorption effects has not been pointed out in thePC

3 Electron cooling makes the electron energy distribution inhomogeneous,
but it can be neglected in the late phase of the afterglow (Sari et al. 1998).

4 We adopt a value of different from that shown in∗Qk p [a " (3/2)]/2a

Jones & O’Dell (1977), and the sign of should be changed in MatsumiyakV

& Ioka (2003).

•  One&of&the&two&observed&
bursts&has&Π

C
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•  PropagaNon&effect&is&weak

•  Highly&anisotropic&electron&
distribuNon?

apparent (Extended Data Fig. 3). We perform a joint fit to the XRT and GROND
light curves (where only XRT data after the first XRT light-curve break, tbreak,1, are
used) to constrain the break time. We fit using a model that consists of a smoothly
broken power law, generally defined as

Fn tð Þ~Fn tbreakð Þ t
tbreak
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where tbreak is the break time, a1 and a2 are pre- and post-break light-curve indices,
and s is the break smoothness parameter. The pre- and post-break slopes and break
smoothness are free parameters in our fit, and the break time is fixed to be the same
for X-ray and optical/infrared wavelengths (that is, an achromatic break, and in
addition a host galaxy contribution to the optical and infrared fluxes). This results
in an acceptable fit statistic (reduced x2 5 157.38/132 5 1.192), and the following
parameters (uncertainties are 1s): break time tbreak,2 5 3.72 6 0.073 104 s and break
smoothness s 5 5.01 6 0.01; pre-break light-curve decay indices apre,opt 5 0.93 6 0.02,
apre,X–ray 5 0.96 6 0.11; post-break light-curve decay indices apost,opt 5 1.256 0.04,
apost,X–ray 5 1.67 6 0.10. We identify this late, achromatic, break tbreak,2 with a so-
called jet break. The resulting fit is shown in Extended Data Fig. 3. While in each
optical band there are only a few data points post-break, GROND observes in seven
bands simultaneously, making the break significant. The relatively shallow post-
break optical decay is probably caused by the combination of bright host and
smooth break: by the time the light curve asymptotes to its post-break index it is
dominated by host galaxy light.

The line-of-sight extinction in the host galaxy and the spectral slopes are found
by fitting an XRT1GROND spectral energy distribution (at time 11,085 s after trigger)
with a SMC-like extinction law44. The best fit, with reduced x2 5 1.04, is obtained
by a single power law (a broken power law does not result in significant fit improve-
ment) with parameter b 5 0.88 6 0.01, and a optical extinction in the V band of
AV 5 0.22 6 0.02 mag.

The fact that X-ray and optical/infrared wavelengths have the same spectral index
and that the pre-break decay indices are (within errors) identical, suggests that X-ray
and optical are both in the same spectral regime, likely n . nc. The achromatic nature
of the light-curve break is consistent with a jet break interpretation, supporting
our interpretation of the linear polarization behaviour of this afterglow.
Circular polarization of synchrotron emission. The linear and circular polariza-
tion degrees of the optically thin synchrotron emission from the electrons with a
spectrum given by N ce,að Þ~Kc{p

e f að Þ, where ce is the electron Lorentz factor, a is
the electron pitch angle and K is the normalization factor, are given by11,45
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Here h is the viewing angle with respect to the magnetic field direction, C is the
mathematical Gamma function, and we have defined

g hð Þ: 1
f hð Þ

df að Þ
da

####
a~0

These two equations are valid when g hð Þ=ce.
If the electron pitch-angle distribution is isotropic, that is, g(h) 5 0, then Pcir*c{1

e .
This simply means that the circular polarization contributions of electrons with
pitch angles h 1 a and h 2 a nearly cancel out, and the remaining Pcir scales with
the angular size of the beaming cone of the synchrotron emission, c{1

e .

The electrons with Lorentz factor ce mainly contribute to the synchrotron

emission at frequency n~
eB

2pmec

! "
c2

e
C

1zz
, where the magnetic field strength B

and the blast wave Lorentz factor C can be estimated by the standard external
shock model21. Therefore, by calculating the Lorentz factor of the electrons pro-
ducing the R-band emission, one can predict Pcir at the observing time as

Pcir<10{4e1=4
B,{2E1=8

52 n1=8

where eB~0:01eB,{2 is the fraction of the magnetic energy density to the internal
energy density, E 5 1052E52 (erg) is the total blast wave energy and n (cm23) is the
circumburst particle number density. This value does not strongly depend on the
model parameters, and is very low (in spite of the assumption that the magnetic
field is ordered) compared to the observed value of Pcir 5 0.61 6 0.13%. In reality,
the magnetic field directions are largely random, as implied by the observed Plin

light curve. However, the linear and circular polarization degrees are reduced to the
same extent by the randomness of the field, so the ratio Pcir/Plin < 1024 is applic-
able also for the random field case, which is clearly inconsistent with the observed
value Pcir/Plin < 0.15.

In a situation where the pitch-angle distribution is not isotropic, the circular polar-
ization contributions of electrons are not cancelled out and Pcir can be higher. The
observed polarization ratio Pcir/Plin, implies that g(h)/ce < 0.1 and then g(h) < 103,
which means a highly anisotropic pitch-angle distribution.

The detection of high circular polarization implies that the emitting plasma con-
sists mainly of electrons and protons, rather than electrons and positrons, because
the circular polarizations of the synchrotron emission of electrons and positrons
perfectly cancel out45. This implication is consistent with the emission model of the
forward shock propagating in the circumburst medium.
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Event name Π 2σ limit Detection significance PA change
GRB 100826A 27± 11% > 6% 2.9σ yes
GRB 110301A 70± 22% > 31% 3.7σ no
GRB 110721A 84+16

−28% > 35% 3.3σ no

Table 1: Polarimetric data of the three GRBs obtained with GAP. The Polarization
degrees Π are shown with 1σ error. The ‘2σ limit’ means the lower limit on Π at the
2σ statistical significance level. The ‘detection significance’ means the significance
levels for Π > 0%.

Event name T90 [s] fluence [erg cm−2] Ep [keV]
GRB 100826A ≃ 150 (3.0± 0.3)× 10−4 606+134

−109

GRB 110301A ≃ 5 (3.65± 0.03)× 10−5 106.8+1.85
−1.75

GRB 110721A ≃ 24 (3.52± 0.03)× 10−5 393+199
−104

Table 2: Light-curve and spectral data of the three GRBs taken from the GCN
circulars. Ep is the photon energy of the time-averaged νFν spectrum.

high axial symmetry in shape and high gain uniformity are keys for reliable measure-
ment of polarization and avoiding fake modulation due to background gamma-rays.
These realized the quite small systematic uncertainty of ≃ 1.8% level [16].

The GAP detected the linear polarization of the prompt emission of GRB 100826A,
GRB 110301A, and GRB 110721A. The polarimetric data as well as the light-curve
and spectral data of these three bursts are summarized in Table 1 and 2. The polar-
ization degrees Π > 0% at ∼ 3σ confidence level, and these are the most convincing
detections of polarization of GRB prompt emission so far. See Yonetoku et al. (2011;
2012) and Toma et al. (2012) [6, 7, 8] for more details on the data analysis.

We see that there are cases with and without a significant change of the polar-
ization angle (PA). GRB 100826A, with long duration T90 ∼ 100 s, shows a PA
change, while GRB 110301A and 110721A, with short duration T90 ∼ 10 s, shows
no PA change. On the other hand, the polarization is detected both for the GAP
observed energy range < Ep (GRB 100826A and GRB 110721A) and for > Ep (GRB
110301A). The time-averaged fluxes (the fluences divided by T90) of the three bursts
are all ∼ 3 × 10−6 erg cm−2 s−1, which is very high. We note that no spectroscopic
redshifts were determined for these three bursts.

The polarimetric data of GRB 041219A as well as the recent report on GRB 061122
with IBIS onboard INTEGRAL appear consistent with the GAP results listed above.
GRB 041219A shows PA changes, and GRB 061122 has Π >

∼ 30% at 2σ significance
level [14, 17].
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Figure 1. Light curve of the prompt γ -ray emission of GRB100826A detected by the GAP. We divide the data into Interval-1 and -2 for the polarization analysis.

authors themselves pointed out in their reports, these results are
with low statistics of ∼2σ level and may be strongly affected
by the instrumental systematics uncertainties (Kalemci et al.
2007; McGlynn et al. 2007; Götz et al. 2009). These contro-
versies and conflicts indicate difficulties in detecting the γ -ray
polarization.

In this Letter, we report the detection of γ -ray polarization and
also the change of PA for the extremely bright GRB 100826A
using the newly developed GRB polarimeter. Our polarimeter
is completely designed for the polarization measurement of
prompt GRBs and well calibrated during the developing phase
before launch. Specifically, using a detector of proto-flight
model, we experimentally and numerically understand the
response for polarized γ -ray with low systematic uncertainties.
In the following sections, we show the observation (Section 2),
data analysis (Section 3), and discussion of the emission
mechanism of prompt GRBs (Section 4).

2. OBSERVATIONS

The Interplanetary Kite-craft Accelerated by Radiation Of
the Sun (IKAROS; Kawaguchi et al. 2008; Mori et al. 2009)
is a small solar-power-sail demonstrator that was successfully
launched on 2010 May 21. IKAROS has a large polyimide mem-
brane 20 m in diameter, which translates the solar radiation pres-
sure into the thrust of the spacecraft. Since the deployment of the
sail on 2010 June 9, IKAROS has started solar-sailing toward
Venus.

The Gamma-Ray Burst Polarimeter (GAP; Yonetoku et al.
2006, 2011; Murakami et al. 2010) on board IKAROS is fully
designed to measure the degree of linear polarization in the
prompt emission of GRBs in the energy range of 70–300 keV.
The detection principle is the anisotropy of Compton scattered
photons. If the incident γ -rays are linearly polarized, the
distribution of scattered photons is due to the Klein–Nishina
effect which approximately shows sin2 φ curves, where φ is the
scattering angle.

The GAP consists of a central plastic scatterer 17 cm in
diameter and 6 cm in thickness, and the surrounding 12 CsI(Tl)
scintillators 5 mm in thickness. The coincidence events within a

gate time of 5µs between the signal from any CsI and that from
the plastic are accepted for polarization analysis. The GAP’s
high axial symmetry in shape and the high gain uniformity are
key to reliable measurement of polarizations, and to avoid a fake
modulation due to background γ -rays. There are no external
parts of the spacecraft inside the GAP field of view. Moreover,
the detector cases (chassis), except for the detector top, are
covered by thin lead sheets with 0.5 mm thickness. Therefore,
the effects of background γ -rays scattered by the spacecraft
body are negligible.

The GAP detected GRB 100826A on 2010 August 26 at
22:57:20.8 (UT) on the way to Venus at about 0.21 AU away
from the Earth. The light curve of the prompt emission is shown
in Figure 1. This burst was also detected by several satellites
and was localized by an interplanetary network (IPN; Hurley
et al. 2010). Combining the GAP data with the published
IPN information, the direction of this burst is derived as
(α, δ) = (279.6 ± 0.2,−22.3 ± 0.5), which corresponds to
20.0 deg off-axis from the center of the GAP field of view.
An energy fluence of this burst is (3.0 ± 0.3) × 10−4 erg cm−2

in the 20 keV–10 MeV band by KONUS (Golenetskii et al.
2010), which is the top 1% of the brightest events listed in the
BATSE catalog. The low- and high-energy photon indices are
reported as αB = −1.31+0.06

−0.05 and βB = −2.1+0.1
−0.2, respectively,

and the νFν peak energy as Ep = 606+134
−109 keV (Golenetskii

et al. 2010). An optical afterglow of this GRB was not reported,
so its redshift is unknown.

3. DATA ANALYSIS

We divided the entire data into two time intervals, labeled
Interval-1 and -2 in the light curve in Figure 1. The total numbers
of γ -ray photons after subtracting the background are 32,924
and 19,007 photons for each interval, respectively. The first part
of this burst shows a large flare lasting 47 s since the trigger,
and the following 53 s consists of multiple spikes. Although
Interval-2 has several spikes, we combined all of them to keep
photon statistics.

We used the background modulation curve obtained by the
36.7 hr integration just before and after the GRB trigger time.
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Figure 1. Light curves of the prompt gamma-ray emission of GRB 110301A
(top) and GRB 110721A (bottom) detected by GAP. The vertical dashed lines
indicate the time interval of polarization analyses for each burst.

the burst and exhibits a hard-to-soft trend from 110 keV to
26 keV. Therefore, GAP mainly observed the energy range of
E > Ep. The energy fluence in 10–1000 keV is (3.65±0.03)×
10−5 erg cm−2 (Foley 2011).

GRB 110721A was detected on 2011 July 21 at 04:47:38.9
(UT) at 0.699 AU from the Earth. Figure 1 (bottom) shows the
light curve of GRB 110721A. This burst was first discovered by
Fermi-GBM and -LAT (Tierney & von Kienlin 2011; Vasileiou
et al. 2011). The coordinate is measured to be (α, δ) =
(333.4,−39.0), which corresponds to 30 deg off-axis. After that,
Swift-XRT performed the follow-up observation of its X-ray
afterglow candidate (Greiner et al. 2011; Grupe et al. 2011).
The optical counterpart was also detected by GROND (Greiner
et al. 2011) and its redshift was measured to be z = 0.382 from
two absorption lines of Ca II with Gemini-South (Berger 2011).
However, the X-ray and optical counterparts lie just outside the
IPN error box (Hurley et al. 2011), so they may not be due to
GRB 110721A.

The spectral parameters, especially the Ep values, dramat-
ically change during the burst (Tierney & von Kienlin 2011;
Golenetskii et al. 2011; Lu et al. 2012). The Ep around the max-
imum intensity is about Ep = 1130+550

−490 keV, and the one of the
time integrated spectrum is Ep = 393+199

−104 keV. GAP mainly
observed in the energy range E < Ep. The energy fluence in
10–1000 keV is (3.52 ± 0.03) × 10−5 erg cm−2 (Tierney & von
Kienlin 2011), which is very similar to GRB 110301A.

3. DATA ANALYSES

3.1. Average Properties of Polarization

We analyzed polarization data during the time intervals be-
tween the two dashed lines shown in Figure 1 for GRB 110301A
and GRB 110721A. GAP obtained the polarization data be-
tween −16 s and 176 s since the GRB trigger. Since the time
durations of these GRBs are relatively short, we used the back-
ground obtained in the same data. The net background rate

for the polarization data is 60.0 counts s−1 for GRB 110301A
and 51.6 counts s−1 for GRB 110721A. The total numbers of
gamma-ray photons after subtracting the background are 1820
and 1092 photons for each burst, respectively.

To estimate the systematic uncertainty, we first consider
the spin rate of the IKAROS spacecraft. The rotation of the
instrument generally reduces the systematic uncertainty because
the differences of each sensor and the geometrical skewness are
averaged. However, in these case, the time durations of the
bursts are smaller than the period of rotation of the IKAROS
spacecraft. The spin rate is 1.61 rpm and 0.22 rpm for the
epoch of GRB 110301A and GRB 110721A, respectively. Using
the background interval of the data, we created the history of
background modulation curves with the same time interval we
analyzed, and confirmed that each modulation was consistent
with being constant within the statistical error. We confirmed
that the systematic error due to the data analysis of short time
duration is about σsys,1 = 1.0% of the total polarization signals
for each bin of both GRBs.

Next, we estimated the systematic uncertainty between the
detector response calculated by the Geant4 simulator and the
experimental data, which is mainly due to the off-axis direction
of the incident gamma rays. We performed several ground
experiments described in Yonetoku et al. (2011a) with the proto-
flight model of GAP. We estimated the systematic uncertainty
to be σsys,2 = 1.9% of the total polarization signals for each bin.

In Figure 2, we show the modulation curve (polarization
signals) after subtraction of the background. The error bars
accompanying the data (filled circles) includes not only the
statistical error (σstat) but also the systematic uncertainties
described above. The total errors are calculated as σ 2

total =
σ 2

stat + σ 2
sys,1 + σ 2

sys,2 for each bin of polarization data.
The model functions (detector responses) were calculated

with the Geant4 simulator considering the spectral evolutions
reported by Lu et al. (2012), who performed spectral analyses for
20 and 14 time intervals of GRB 110301A and GRB 110721A,
respectively. Using their spectral parameters, we simulated the
model functions for each time interval, and also combined them
into one with the appropriate weighting factor estimated with
the brightness histories.

In these analyses, the free parameters are the polarization
degrees (Π) and angles (φp). We simulated the model function
with step resolutions of 5% for polarization degree and 5 deg for
phase angles. In Figure 2, we show the best-fit model with solid
black lines, and also superposed the non-polarization model as
the dashed lines on the same panel for easy comparison. The
best-fit parameters are Π = 70±22% and φp = 73±11 deg with
χ2 = 14.0 for 10 degrees of freedom (dof) for GRB 110301A,
and Π = 84+16

−28% and φp = 160 ± 11 deg with χ2 = 7.3 for
10 dof for GRB 110721A. Here, the quoted errors are at 1σ
confidence for the two parameters of interest (Π and φp), and
φp is measured counterclockwise from the celestial north.

We show the ∆χ2 maps in the (Π,φp) plane in Figure 3. The
white dots are the best-fit results, and we calculate the ∆χ2 val-
ues relative to these points. The 1σ , 2σ , and 3σ confidence con-
tours for the two parameters of interest are shown in the same fig-
ures. The null hypothesis (zero polarization degree) can be ruled
out with 3.7σ confidence level (99.98%) for GRB 110301A,
and 3.3σ (99.91%) confidence level for GRB 110721A. Al-
though these results have relatively large errors compared with
the previous GAP result for GRB 100826A (Π = 27% ± 11%,
2.9σ significance level), the polarization degree of these two
GRBs may be larger than that of GRB 100826A. From these
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Figure 1. Light curves of the prompt gamma-ray emission of GRB 110301A
(top) and GRB 110721A (bottom) detected by GAP. The vertical dashed lines
indicate the time interval of polarization analyses for each burst.

the burst and exhibits a hard-to-soft trend from 110 keV to
26 keV. Therefore, GAP mainly observed the energy range of
E > Ep. The energy fluence in 10–1000 keV is (3.65±0.03)×
10−5 erg cm−2 (Foley 2011).

GRB 110721A was detected on 2011 July 21 at 04:47:38.9
(UT) at 0.699 AU from the Earth. Figure 1 (bottom) shows the
light curve of GRB 110721A. This burst was first discovered by
Fermi-GBM and -LAT (Tierney & von Kienlin 2011; Vasileiou
et al. 2011). The coordinate is measured to be (α, δ) =
(333.4,−39.0), which corresponds to 30 deg off-axis. After that,
Swift-XRT performed the follow-up observation of its X-ray
afterglow candidate (Greiner et al. 2011; Grupe et al. 2011).
The optical counterpart was also detected by GROND (Greiner
et al. 2011) and its redshift was measured to be z = 0.382 from
two absorption lines of Ca II with Gemini-South (Berger 2011).
However, the X-ray and optical counterparts lie just outside the
IPN error box (Hurley et al. 2011), so they may not be due to
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3. DATA ANALYSES

3.1. Average Properties of Polarization

We analyzed polarization data during the time intervals be-
tween the two dashed lines shown in Figure 1 for GRB 110301A
and GRB 110721A. GAP obtained the polarization data be-
tween −16 s and 176 s since the GRB trigger. Since the time
durations of these GRBs are relatively short, we used the back-
ground obtained in the same data. The net background rate

for the polarization data is 60.0 counts s−1 for GRB 110301A
and 51.6 counts s−1 for GRB 110721A. The total numbers of
gamma-ray photons after subtracting the background are 1820
and 1092 photons for each burst, respectively.

To estimate the systematic uncertainty, we first consider
the spin rate of the IKAROS spacecraft. The rotation of the
instrument generally reduces the systematic uncertainty because
the differences of each sensor and the geometrical skewness are
averaged. However, in these case, the time durations of the
bursts are smaller than the period of rotation of the IKAROS
spacecraft. The spin rate is 1.61 rpm and 0.22 rpm for the
epoch of GRB 110301A and GRB 110721A, respectively. Using
the background interval of the data, we created the history of
background modulation curves with the same time interval we
analyzed, and confirmed that each modulation was consistent
with being constant within the statistical error. We confirmed
that the systematic error due to the data analysis of short time
duration is about σsys,1 = 1.0% of the total polarization signals
for each bin of both GRBs.

Next, we estimated the systematic uncertainty between the
detector response calculated by the Geant4 simulator and the
experimental data, which is mainly due to the off-axis direction
of the incident gamma rays. We performed several ground
experiments described in Yonetoku et al. (2011a) with the proto-
flight model of GAP. We estimated the systematic uncertainty
to be σsys,2 = 1.9% of the total polarization signals for each bin.

In Figure 2, we show the modulation curve (polarization
signals) after subtraction of the background. The error bars
accompanying the data (filled circles) includes not only the
statistical error (σstat) but also the systematic uncertainties
described above. The total errors are calculated as σ 2

total =
σ 2

stat + σ 2
sys,1 + σ 2

sys,2 for each bin of polarization data.
The model functions (detector responses) were calculated

with the Geant4 simulator considering the spectral evolutions
reported by Lu et al. (2012), who performed spectral analyses for
20 and 14 time intervals of GRB 110301A and GRB 110721A,
respectively. Using their spectral parameters, we simulated the
model functions for each time interval, and also combined them
into one with the appropriate weighting factor estimated with
the brightness histories.

In these analyses, the free parameters are the polarization
degrees (Π) and angles (φp). We simulated the model function
with step resolutions of 5% for polarization degree and 5 deg for
phase angles. In Figure 2, we show the best-fit model with solid
black lines, and also superposed the non-polarization model as
the dashed lines on the same panel for easy comparison. The
best-fit parameters are Π = 70±22% and φp = 73±11 deg with
χ2 = 14.0 for 10 degrees of freedom (dof) for GRB 110301A,
and Π = 84+16

−28% and φp = 160 ± 11 deg with χ2 = 7.3 for
10 dof for GRB 110721A. Here, the quoted errors are at 1σ
confidence for the two parameters of interest (Π and φp), and
φp is measured counterclockwise from the celestial north.

We show the ∆χ2 maps in the (Π,φp) plane in Figure 3. The
white dots are the best-fit results, and we calculate the ∆χ2 val-
ues relative to these points. The 1σ , 2σ , and 3σ confidence con-
tours for the two parameters of interest are shown in the same fig-
ures. The null hypothesis (zero polarization degree) can be ruled
out with 3.7σ confidence level (99.98%) for GRB 110301A,
and 3.3σ (99.91%) confidence level for GRB 110721A. Al-
though these results have relatively large errors compared with
the previous GAP result for GRB 100826A (Π = 27% ± 11%,
2.9σ significance level), the polarization degree of these two
GRBs may be larger than that of GRB 100826A. From these
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Figure 1: Left: Polarization degrees as functions of q = θv/θj in the SO model, where
θv is the viewing angle of the line of sight and θj is the jet opening angle. yj ≡ (Γθj)2,
where Γ is the bulk Lorentz factor of the jet. Typical parameters are adopted for the
emission spectrum (see [4] for details). Right: Schematic picture of the jet with the
toroidal component of the magnetic fields (thin lines). Only a fraction of the emitting
shell, θ < Γ−1 around the line of sight is bright because of the relativistic beaming
effect.

uniform over the shell, but consists of multiple patches with characteristic angular
size much smaller than jet opening angle, θp ≪ θj [6] (see Figure 2). In the case of
Γ−1 ∼ θj , it is natural that one sees multiple patches with different magnetic field
directions, and observes significant PA changes. On the other hand, if Γ−1 ≪ θj , one
only sees a limited range of the curved magnetic fields, which leads to no significant PA
change even if the emission is patchy. In such a scenario, GRB 100826A corresponds
to the case of Γ−1 ∼ θj , while the other two bursts with no PA change correspond to
the case of Γ−1 ≪ θj .

We may consider an alternative scenario in which the initially ordered helical
fields get distorted during the energy dissipation phase, making different field direc-
tions within the bright region of θ < Γ−1 [22]. The PA changes can naturally occur
in this scenario, but when the emission duration is short, the PA change does not
necessarily occur. Another scenario is that the GRB jets consist of multiple shells
which have globally ordered transverse (not helical or toroidal) magnetic fields with
a different direction for each shell. It has been recently claimed that such impul-
sive shells can be accelerated to relativistic speeds [23]. In this scenario also, the PA
changes naturally occur for long duration bursts with large number of emitting shells,
but do not necessarily occur for short duration bursts with small number of emitting
shells.

4

Figure 2: Schematic picture of the patchy emission in the SO model. The left and
right ones correspond to the cases of Γ−1 ∼ θj and Γ−1 ≪ θj , respectively. The thick
arrows represent the polarization vectors.

3.1.2 SR model

The collisionless shocks formed in the jet may produce sizable magnetic fields with
random directions on plasma skin depth scales through e.g., the Weibel instability
[24, 25]. Synchrotron emission from such fields can have high Π, provided that the
field directions are not isotropically random, reflecting the direction of the shock
propagation direction. In many studies, the extreme case is assumed, i.e., the field
directions are confined in the plane parallel to the shock front [21, 26, 4]. We call this
the “SR model” (synchrotron, random-field model).

In this model, the radiation propagating in the direction parallel to the shock front
is maximally polarized in the comoving frame of the emitting fluid. Such radiation is
observed as that from the points with θ = Γ−1 around the line of sight. As a result,
the local polarization vectors are axisymmetric around the line of sight (see Figure 3
right). If the jet is observed from an off-axis angle, θv >

∼ θj , all the polarization
vectors are not canceled and the net polarization remains. Figure 3 (left) shows Π
calculated in this model as a function of the viewing angle θv in respect of the jet axis
for different values of yj ≡ (Γθj)2. In this model with the uniform emissivity over the
shell, a high Π can be obtained only when θv ∼ θj + Γ−1. For this configuration, one
cannot have the PA change even for a fixed θv but different Γ. For θv < θj , one can
have the PA change with varying Γ, but Π is very low.

The observed PA change with high Π may suggest the patchy emission structure
in this model [6]. If the emission is patchy, Π can be high even for θv < θj , and one
can have the PA changes (see also [27]). The characteristic angular size of the patches
may be hydrodynamically constrained to be θp >

∼ Γ−1. In this model, however, one
requires fine tuning that the observed patches should be dominated by those with
θvp ∼ θp + Γ−1 to have Π >

∼ 30%, where θvp is the viewing angle of the patch. The

5

(LyuNkov+03;&Granot&03;&KT,&Sakamoto,&Zhang+09;&KT13)

B�

•  PolarizaNon&degree&is&
sufficient&

•  Patchy&emission&may&lead&

to&PA&changes&

•  Other&B&structures&possible

Π
L

θ
v
/θ

j

Γθ
j
&=&10



SR&model&(syn&random&B)

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5

Π
(6

0-
50

0k
eV

)

q=θv/θj

yj=100
yj=10
yj=1

yj=0.1

Figure 3: Left: Polarization degrees as functions of q = θv/θj in the SR model (see
[4] for details). Right: Schematic picture of the jet. The net polarization property is
determined by the bright emission from the points with θ ∼ Γ−1 around the line of
sight, whose polarization vectors (represented by the thick arrows) are axisymmetric.

patches observed with θvp <
∼ θp decrease the net Π. On the other hand, the bursts we

observed are all very bright, which implies that some patches are seen with θvp <
∼ θp.

Therefore, the SR model is not favored to explain the observed Π >
∼ 30%.

3.1.3 SH model

The internal shocks may also produce strong magnetic fields with random directions
on hydrodynamic scales, much larger than the plasma skin depth scales, through e.g.,
the Richtmyer-Meshkov instability [28, 25]. We call this the “SH model” (synchrotron
model with random fields on hydrodynamic scales). If the field directions are isotrop-
ically random, the net polarization degree is Π ∼ Πsyn

max/
√
N , where N is the number

of independent patches with coherent field in the bright region with θ ∼ Γ−1 around
the line of sight, and the PA change can be naturally realized. Unlike the SR model,
the emission from patches seen with small θvp can have high Π, so that this model is
in agreement with the high brightness of the bursts.

By utilizing the MHD simulations of internal shocks with initial density fluctua-
tions, Inoue et al. (2011) [28] deduced N ∼ 103 from the typical scale of the coherent
magnetic fields, which did not appear to be consistent with the observed Π >

∼ 30%.
However, the recent detailed analysis of the numerical simulation suggests that the
magnetic fields perpendicular to the shock front are selectively amplified, which might
increase the net Π [29]. The aim of this recent simulation is to explain the radially
aligned fields observed in some young supernova remnants, e.g., [30], in which the
shock velocity is non-relativistic, although probably the properties of the amplified
fields may not be different in the mildly-relativistic case like the internal shocks of
jets (T. Inoue, private communication).
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where S =
!

(Sν/hν) dν and τ (r) = Γ−1κ(r)r is defined using
κ = I−1

!
κν I dν.

Scattering conserves photon number, and the transfer equa-
tion is expected to give the corresponding conservation law.
Multiplying Equation (10) by 1 + µ, integrating over µ, and
re-arranging terms, one gets

d

d ln r
ln [Γ(I1 + I0)] = −2, (11)

where Im(r) are the moments of I(µ, r) and we used I0 = S0
which is true for any scattering process. The quantity 4πI1 is
the number flux of photons measured in the fluid frame, and
4πI0/c is the number density of photons in the fluid frame.
Lorentz transformation of the four-flux vector 4π (I0, I1, 0, 0)
gives the radial photon flux measured in the lab frame, F̃ =
4πΓ(I1 + βI0). Equation (11) in essence states r2F̃ = const
(with β → 1) and expresses the conservation of the photon
number.

3. ISOTROPIC-SCATTERING MODEL

In this section, we solve the transfer problem assuming the
simplest form of the interaction between radiation and the
fluid: coherent isotropic scattering in the fluid frame. It gives
a reasonable first approximation to Thomson scattering, which
is considered in Section 4. We consider here matter-dominated
outflows—the outflow is assumed to be massive enough, so that
it can coast with Γ(r) ≈ const (Section 2.2), which corresponds
to g(r) ≈ 1 (Equation (2)).

Then the energy transfer Equation (5) reads

∂I

∂ ln r
= −(1 − µ2)

∂I

∂µ
− 4(1 − µ) I + τ

(I0 − I )
1 + µ

. (12)

Here we substituted the source function that describes isotropic
scattering S(µ, r) = I0(r), where I0 is the zero-moment of
intensity (Equation (7)). We will assume a constant cross
section3σ (ν) = const and Ṅe(r) = const. Then Equation (3)
gives

τ (r) = R⋆

r
, R⋆ = σ Ṅe

4π Γ2 βc
. (13)

Transfer of photon number is described by an equation similar
to Equation (12) where I is replaced by I and the numerical
coefficient −4 in the second term on the right-hand side is
replaced by −3 (cf. Equation (10)).

3.1. Integration of Transfer Equation

Equation (12) gives the expression for ∂I/∂ ln r in terms of
I. Direct integration in ln r immediately yields the solution for
I (µ, r). Our numerical integration starts at rin = 3 × 10−3R⋆

and takes the isotropic I (µ, rin) = const as the boundary
condition. We use a uniform grid in θ and ln r of size 300×105.
With a simplest integrator—Runge–Kutta scheme of fourth
order—the grid gives the excellent accuracy of ∼0.1% (we have
checked this by varying the grid). Two more details of numerical
integration are worth mentioning.

3 This is a good approximation for the bulk of GRB photons. The typical
energy of observed photons is ∼1 MeV. They are emitted in the rest frame of
the jet with energy ∼Γ−1MeV, much smaller than mec

2. Klein–Nishina
corrections are small for such photons and the scattering cross section is
approximately independent of ν.

Figure 1. Angular distribution of radiation intensity in the fluid frame at three
radii: r/R⋆ ≈ 0.03, 0.1, and 0.5, which correspond to optical depths τ ≈ 30,
10, and 2, respectively. For a better comparison, we plot (r/R⋆)2I , where the
factor (r/R⋆)2 compensates for the photon dilution due to expansion. The overall
normalization of the transfer solution is chosen so that I (µ, r) = (r/R⋆)−8/3 =
τ 8/3 at radii r < 0.01R⋆ where radiation is nearly isotropic (I does not depend
on µ) and follows the adiabatic cooling law I = τ 8/3. Open circles show the
intensity at τ = 2 that is obtained by the Monte Carlo code (Section 3.3).
(A color version of this figure is available in the online journal.)

(1) At one boundary of the computational domain µ → −1
and the transfer equation gives (S − I )/I → 0. This requires
I = S = I0 at µ = −1. Note that the optical depth
∆τray passed along the ray in one step ∆ ln r depends on µ:
∆τray(µ) = τ (r) ∆ ln r/(1+µ). Numerical integration is possible
only if ∆τray < 1, which is violated close to the boundary
µ = −1. However, in this region τray = τ/(1 + µ) ≫ 1 simply
enforces I ≈ S. In the process of integration, we set I = S
wherever ∆τray(µ) > 0.7.

(2) The transfer equation contains the term (1−µ2) ∂I/∂µ =
sin θ ∂I/∂θ . We use a grid θi (i = 0, ..., n), where θ0 = 0
and θn = π . The term sin θ ∂I/∂θ is not needed at θ0 and
θn (it vanishes). For all other θi we evaluate this term using
∂I/∂θ = (Ii+1 − Ii−1)/(θi+1 − θi−1).

The transfer Equation (12) has no free parameters and the
solution is unique. The result is shown in Figure 1. The striking
feature is the strong beaming of the radiation field in the fluid
frame, even at large optical depths τ ∼ 10. Beaming may be
described by the ratio of intensities at µ = 1 and µ = −1:
b(r) ≡ I (1, r)/I (−1, r). This quantity is shown in Figure 2. It
significantly deviates from unity starting at τ ∼ 10. In the zone
of τ ≪ 1, I (1, r) = const and I (−1, r) = I0 ∝ r−2. Therefore,
b(r) ∝ r2 at r ≫ R⋆.

3.2. Adiabatic Cooling

To examine adiabatic cooling, one should consider the energy
flux of radiation in the lab frame F̃ = 4π Ĩ1, where Ĩ1 =
Γ2[β(I0 + I2) + (1 + β2)I1] is the first moment of intensity in the
lab frame.4 Here we cannot take the formal limit Γ → ∞, as
the transformation between the lab frame and the fluid frame is
not well defined in this limit. The total luminosity of radiation

4 4πIm are the components of the stress–energy tensor of radiation:
T 00 = 4πI0, T 01 = 4πI1, and T 11 = 4πI2, where the index 0 in T µν

corresponds to the time coordinate and the index 1 corresponds to the spatial
coordinate in the radial direction. Tensor transformation from the fluid frame
to the lab frame reads T̃ µν = Λµ

σ Λν
ρT σρ , where Λ0

0 = Λ1
1 = Γ and

Λ0
1 = Λ1

0 = Γβ. It gives T̃ 01 = Γ2[β(T 00 + T 11) + (1 + β2)T 10].
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is consistent with the theoretical value of p derived for test-
particle acceleration in relativistic shocks via the first-order
Fermimechanism, assuming isotropic diffusion of particles inmo-
mentum space, p ¼ 2:22 " 0:02 obtained in numerical calcu-
lations (Bednarz &Ostrowski 1998; Kirk et al. 2000; Achterberg
et al. 2001), and p ¼ 20/9 obtained by a more recent analytic
analysis (Keshet & Waxman 2005). This value of p is not con-
sistent with test-particle results for large-angle scattering in rel-
ativistic shocks, which produce very hard spectra. It is, however,
consistent with the value expected in the 100MeV–10GeVrange
by nonlinear theory for cosmic-ray–mediated shock (Ellison &
Eichler 1985; Ellison & Double 2002). Despite the agreement
of the observed and theoretically derived values of p, assuming
isotropic diffusion, it should be kept in mind that questions re-
main about diffusive shock acceleration, particularly with regard
to relativistic generalization and electron injection, and that there
are alternative acceleration processes (e.g., Arons & Tavani 1994;
Nishikawa et al. 2005; Hededal et al. 2004).

It is natural to hope that the values of !B and !e are univer-
sal, since they are determined by the microphysics of the col-
lisionless shock. The constancy of p and of !e among different
bursts is strongly supported by observations. Universal values
of p and !e, p # 2 and !e # 0:1, typically inferred from most
optical afterglows, are also inferred from the clustering of ex-
plosion energies (Frail et al. 2001) and from X-ray afterglow
luminosity (Freedman & Waxman 2001; Berger et al. 2003).3

The value of !B is less well constrained by observations. How-
ever, in cases where !B can be reliably constrained by multi-
waveband spectra, values close to equipartition are inferred (e.g.,
Frail et al. 2000). Such high values for !B and !e are remarkable
and beg for an explanation. The magnetic field required for al-
lowing electron acceleration and emission of synchrotron radi-
ation may conceivably be produced in the collisionless shock
driven by the GRB explosion by Weibel instabilities or the like
(see, e.g., Blandford & Eichler 1987; Gruzinov &Waxman 1999;
Medvedev & Loeb 1999), or it may be that the accelerated par-
ticles mix with the magnetic field of the fireball itself.

No less surprising is the conclusion byWaxman (1997b) that
"e0 is close to "mpc

2 and that the low-frequency radio spectra
imply that there are relatively few electrons in the decade or two
just below "e0. Had the electrons been picked up by shock ac-
celeration at some energy much lower than "mpc

2, the power-
law spectrum imparted by the shock acceleration would have
extended down to much lower energies, and only a small mi-
nority of them would have made it to "mpc 2 or higher. In the
case of the Crab Nebula, for example, which contains perhaps
the best-studied relativistic shock wave, this is indeed the case:
most of the electrons in the nebula emit in the radio and prob-
ably have Lorentz factors of order 102, which is many orders
of magnitude lower than "mpc 2 and even about a factor of 102

below "mec
2. More is said about this below. While this paper

does not aim to explain this gaping difference between after-
glows and the Crab Nebula, it motivates us to check the as-
sumption that f ¼ 1 in the case of the former.

In any case, we are unable to determine from basic principles
the efficiency of electron ‘‘injection’’ to beyond some threshold
energy well beyond "mec

2. Even when the number of electrons
beyond some injection threshold "e0 is known, we are unable to

determine theoretically the fraction f of total electrons that these
high-energy electrons represent. It is conceivable that a large
fraction, 1$ f % 1, of the electron population does not par-
ticipate in the acceleration process and remains well below "e0.
This is discussed in x 2. In x 3 we discuss observational sig-
natures of the existence of such noninjected thermal electrons in
GRB-induced blast waves. Our main results and their implica-
tions are summarized in x 4. We discuss both the implications to
GRB phenomenology and the implications for the theory of col-
lisionless shock acceleration, in particular in the context of con-
straints imposed by observations on astrophysical systems other
than GRBs.

2. MODEL PREDICTION DEGENERACY

To clarify the issues involved in the electron injection prob-
lem let us consider the situation illustrated in Figure 1, which
may arise for a relativistic shock propagating with Lorentz factor
"31 (or subrelativistic shock propagating with velocity vTc)
into a cold plasma of protons and electrons (as may be the case
for a shock driven by a GRB explosion into the interstellar me-
dium [ISM]). In the shock frame, a cold stream of protons and
electrons approaches the shock with Lorentz factor " (velocity v).
The particles are being scattered at the shock front, resulting in
a velocity distribution that is close to isotropic behind the shock,
thus converting a large fraction of the kinetic energy of the in-
coming flow to thermal energy. Isotropization of the electron and
proton incoming flow would lead to a postshock proton ‘‘tem-
perature’’ Tp % "mpc

2 (or Tp % mpv 2) and to a postshock elec-
tron ‘‘temperature’’ Te % "mec

2TTp (or Te % mev 2). In order
for the electrons to gain a significant fraction of the postshock
thermal energy, some process must couple them to the protons
and accelerate them to energy3Te . This process is yet unknown,
andwe cannot determine based on theoretical considerationswhat
fraction of the electrons are being accelerated. Thus, in addition

3 Apparently deviant values of p (Chevalier & Li 1999; Panaitescu&Kumar
2002) are inferred based on light curves, rather than spectra, and are sensitive to
model assumptions (e.g., they depend on the assumed radial dependence of the
ambient medium density).

Fig. 1.—Schematic representation of the postshock electron distribution, for
a relativistic shock of Lorentz factor " (or subrelativistic shock of velocity v).
Scattering of electrons streaming toward the shock with Lorentz factor " (or
velocity v) results in postshock ‘‘thermal’’ energy of %"mec

2 (or %mev 2). A
fraction f of the electrons is assumed to be injected into the acceleration process,
which significantly increases the average energy of these electrons, to%"e 0, and
produces a power-law distribution at "e > "e0. As we show here, afterglow
observations imply "e0 % "mpc

2 in the relativistic phase and "e0 % mpv 2 in the
subrelativistic phase but do not allow us to determine f. Afterglow observations
also require an electron number density that increases with energy sufficiently
fast, q & d ln ne /d ln "e > 0, over %1.5 decades of energy below "e 0 (Waxman
1997b).
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For typical AGN jets, ℓgy is expected to be ∼ 10 orders
of magnitude smaller than GM/c2 (cf. Toma & Takahara
2012), so that the travel distance of a particle by when it
achieves the asymptotic azimuthal velocity is tiny compared
to the size of the ergosphere. This justifies our calculations of
the particle motion in the fixed orthonormal basis with the
uniform electromagnetic fields, and the asymptotic velocities
can be interpreted as the local velocities of the test particles.

Since the current crossing region is bounded at r < res,
the positively charged particles do not cross the last ergo-
spheric field line and will gyrate around this field line. When
they move along the last ergospheric field line, emerging out
of the ergosphere, they contribute to the return current. The
particles outside the ergosphere generally have positive en-
ergies.

3.3 Comparison to the mechanical Penrose
process

We argue that BZ process for the ergospheric field lines
threading the equatorial plane is similar to the mechani-
cal Penrose process, in which the rotational energy of a BH
is extracted as mechanical energy by making the BH absorb
negative-energy particles (Penrose 1969; Bardeen, Press &
Teukolsky 1972). For simplicity, let us consider the positively
and negatively charged particles in the geometrically thin
current crossing region as a one-fluid. The energy equation
for this fluid in the steady state is written as

∂r
√
γ(−αT r

p,t) = E · Jp < 0, (36)

where T ν
p,µ is the energy-momentum tensor of the fluid. The

boundary condition at r = res is T r
p,t = 0. Therefore, the

solutions of equation (36) should be F r ≡ −αT r
p,t > 0 in the

current crossing region. Then one has −T r
p,t = −ρmUtU

r >
0, where ρm and Uµ are the comoving mass density and the
four-velocity of the fluid, respectively. Since all the particles
may have negative energy, it is reasonable to estimate

−Ut < 0, Ur < 0. (37)

This means that the current crossing region generates the
inflow of the negative-energy fluid and the outward Poynting
flux, which appears to be a similar process to the mechanical
Penrose process.

As a result, the BH loses its rotational energy by the
poloidal particle energy flux F p = −αρmUtUp. We summa-
rize our argument in Figure 3 (see Section 4 for the field
lines threading the horizon).

However, it is too simple to treat the charged particles
in the current crossing region as a one-fluid, since the average
velocities of the positively and negatively charged particles
should be different. Furthermore, Figure 2 is just the result
of the test particle calculations. More detailed studies of the
plasma particle motions are required to confirm whether the
condition of equation (37) is realistic in the current crossing
region.

3.4 Comparison to MHD numerical simulation
results

MHD numerical simulations treat the energy of particles
(while force-free simulations not), so that they can ob-
serve the negative particle energy in principle. However, the

Bp!

Jp

Jp!

Jp! Sp!

!"#$%&
'()*+($!

!),(-.'#)#!

Fp!
Jp!

Figure 3. Schematic picture of the poloidal currents Jp (open
arrows), the poloidal Poynting flux Sp (filled arrows), and the
poloidal particle energy flux F p near the equatorial plane (i.e.
the inflow of the particle negative energies; striped arrow) in the
steady state in the northern hemisphere in the KS coordinates.
The BH loses its rotational energy directly by Sp along the field
lines threading the horizon (see Sections 4 and 5) and by F p

near the equatorial plane which is associated with Sp along the
field lines threading the equatorial plane in the ergosphere (see
Section 3).

MHD simulation results of the dilute Kerr BH magneto-
sphere with cylindrical magnetic field at the far zone in
Komissarov (2005) do not show any negative particle en-
ergy in the steady state. This is just due to the disappear-
ance of the ergospheric field lines threading the equatorial
plane, although the reason of this disappearance has not
been identified. Such behavior is also seen in the three di-
mensional MHD simulations including the dense accretion
flow (Tchekhovskoy, Narayan & McKinney 2011; McKinney,
Tchekhovskoy & Blandford 2012)(but see Punsly 2015).

4 FIELD LINES THREADING THE EVENT
HORIZON

4.1 Force-free condition is satisfied

In contrast to the equatorial plane where Hϕ = 0 from the
symmetry, one generally has Hϕ ̸= 0 at the horizon. Thus
the above argument on the field lines threading the equato-
rial plane is not applicable for the field lines threading the
horizon. At the horizon, the regularity condition should be
satisfied (Znajek 1977; Thorne, Price & Macdonald 1986):

B̂ϕ = −D̂θ (in BL coordinates). (38)

For the BZ split-monopole solution (Blandford & Znajek
1977) as an example, in which B̂r ̸= 0, B̂θ ≈ 0, and D̂r ≈ 0
(to the zeroth order of a), so that one has

B2 −D2 > 0. (39)

Therefore the force-free condition is satisfied at the horizon.
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Figure 5. Schematic picture of a time-dependent process evolv-
ing towards the steady state. The plasma particles keep injected
between the inner and outer light surfaces, and the vacuum is
being filled with those plasma. This picture focuses on the inflow.
The inner boundary of the force-free region propagates towards
the event horizon, producing the steady poloidal current structure
and the outward AM and Poynting fluxes.

agate into the vacuum, i.e. the radius of the outer bound-
ary r → ∞ for t → ∞. In the BL coordinates, the inflow
also continues to propagate towards the horizon, r → rH
for t → ∞. In the KS coordinates, the inflow can pass the
horizon in a finite time of t = tH. In both of the coordi-
nates, when the inner boundary approaches the horizon, the
outward signal from it becomes slower and slower and it
can hardly affect the force-free region. This will lead to the
steady state.5

Although such a time-dependent state should be ana-
lyzed numerically, we try to illustrate essential physics and
concept analytically by using a toy model. This model as-
sumes that (1) Bp is fixed to be split-monopole

∂r(
√
γBr) = 0, Bθ = 0 (55)

in the whole region, and that (2) the Kerr BH magneto-
sphere is separated into the force-free region and the vac-
uum by geometrically thin boundaries moving radially. For
further simplicity, (3) we assume that the force-free region
and the vacuum have their steady-state structures, but the
values of the physical quantities, particularly ΩF and Hϕ,
keep updated as determined by the varying conditions of
the inner and outer boundaries.

Some of these assumptions would be violated in realistic
experiments. Nevertheless we consider that our toy model
is sufficient to show the concept for resolving the issue on
the causality in the coordinate basis, which also allows us
to understand how the steady state is maintained, and to

5 In some MHD simulations, a static plasma (not a vacuum) is
initially given and then a central star starts rotating (Bogovalov
& Tsinganos 1999) or a BH starts rotating (Komissarov 2004b).
They show that a switching-on wave propagates outward and that
the outflow region settles down to the steady state after it passes
the outer fast magnetosonic point (Beskin 2010).

propose a framework for studies on more detailed plasma
physics.

5.1 Analysis in the BL coordinates

5.1.1 The force-free and vacuum regions

The electromagnetic quantities in the force-free region are
given as follows. The condition D · B = 0 and ∇ × E = 0
lead to

Eff
ϕ = Eff

r = 0, Eff
θ = −√

γΩFB
r, (56)

where

∂rΩF = 0. (57)

Hereafter we will put the subscript and superscript ‘ff’ on
the quantities in the force-free region. Equations (11) and
(12) give us

Dff
ϕ = Dff

r = 0, Dff
θ =

√
γ

α
(Ω− ΩF)B

r, (58)

Hff
ϕ = αBff

ϕ , Hff
r = αBr −

√
γΩDθ

ff , Hff
θ = 0. (59)

Equation ∇×H = 4πJ and the force-free condition lead to

∂rH
ff
ϕ = −4π

√
γJθ

ff = 0, (60)

∂θH
ff
ϕ = 4π

√
γJr

ff , (61)

These twe equations imply that ∂r(
√
γJr

ff) = 0. We focus on
the northern hemisphere, where Jr

ff < 0 and Hff
ϕ < 0. The

return current Jr
ff > 0 is assumed to be concentrated on the

equatorial plane. The poloidal AM and Poynting fluxes are

Lr
ff =

−Hff
ϕ

4π
Br, Sr

ff = ΩF
−Hff

ϕ

4π
Br, (62)

which satisfy ∂r(
√
γLr

ff) = 0 and ∂r(
√
γSr

ff) = 0.
In the vacuum region, one has ρ = J = 0. Equations

∇×E = 0 and ∇×H = 0 lead to

Evac
ϕ = 0, Hvac

ϕ = Bvac
ϕ = 0, (63)

which indicates

Lr
vac = Sr

vac = 0. (64)

Hereafter we will put the subscript and superscript ‘vac’ on
the quantities in the vacuum region.

5.1.2 The inner boundary of the force-free region

Let us focus on the inner boundary of the force-free (in-
flow) region, and derive the conditions on the boundary,
i.e. the junction conditions between the force-free and vac-
uum regions. The similar analysis can be done for the outer
boundary. For equation

−∂tD
r +

1
√
γ
∂θHϕ = 4πJr, (65)

we substitute

Dr = Dr
vacH(−R), (66)

Hϕ = Hff
ϕH(R), (67)

Jr = Jr
ffH(R) + ηrδ(R), (68)

where H(R) and δ(R) are the Heaviside step function and
the Dirac delta function, respectively, and
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Figure 6. Space-time diagram of the inner and outer boundaries of the force-free region in the BL and KS coordinates. In each diagram
the left and right long arrows correspond to the motions of the inner and outer boundaries, respectively, while the small arrows to the
propagation of light.

R = r − ri −
! t

0

V dt, (69)

where ri and V (< 0) are the initial radius and the veloc-
ity of the boundary. The location of the boundary is repre-
sented by R = 0. We have introduced ηr in equation (68),
i.e. possible contribution to Jr from moving surface charges
at the boundary. The assumption (3) stated in the first part
of this section implies that the timescale for the quantities
in the force-free and vacuum regions becoming adjusted for
steady-state structure is much smaller than the timescale of
the boundary propagation. We focus on the latter timescale,
considering that only R = R(t) depends on t in equation
(65). Then we have

−Dr
vacV δ(R)+

1
√
γ
(∂θH

ff
ϕ )H(R) = 4πJr

ffH(R)+4πηrδ(R).(70)

Taking account of equation (61), we obtain

ηr =
−Dr

vac

4π

"""
R=0

V. (71)

The quantity −Dr
vac/4π corresponds to the surface charge

density at the boundary.
For equation

−∂tD
θ − 1

√
γ
∂rHϕ = 4πJθ, (72)

we substitute

Dθ = Dθ
vacH(−R) +Dθ

ffH(R), (73)

Jθ = ηθδ(R), (74)

and equation (67). We have introduced ηθ, possible contribu-
tion to Jθ from the surface current flowing on the boundary.
Then we have

−Dθ
vacV δ(R) +Dθ

ffV δ(R)− 1
√
γ
Hff

ϕ δ(R) = 4πηθδ(R), (75)

which leads to

V =
1
√
γ

Hff
ϕ + 4π

√
γηθ

Dθ
ff −Dθ

vac

""""
R=0

. (76)

The last one of Maxwell equations nontrivial for the
present problem is

∂tB
ϕ +

1
√
γ
(∂rEθ − ∂θEr) = 0, (77)

for which we substitute

Bϕ = Bϕ
ffH(R), (78)

Eθ = Evac
θ H(−R) + Eff

θ H(R), (79)

Er = Evac
r H(−R). (80)

Then we have

Bϕ
ffV δ(R) +

1
√
γ

#
Evac

θ δ(R)− Eff
θ δ(R)

−(∂θE
vac
r )H(R)] = 0. (81)

Integrating equation (81) over −ϵ < R < ϵ and take a limit
of ϵ → 0, the last term vanishes, and we obtain

V =
1
√
γ

Eff
θ − Evac

θ

Bϕ
ff

""""
R=0

,

=
α
√
γ

Dff
θ −Dvac

θ

Bϕ
ff

""""
R=0

, (82)

where we have used equation (11) for the last equality.
Since we consider the case of V < 0 and Bϕ

ff = Bff
ϕ/γϕϕ =

Hff
ϕ/αγϕϕ < 0, this equation indicates

Dff
θ |R=0 > Dvac

θ |R=0. (83)

Eliminating Dθ
ff − Dθ

vac from equations (76) and (82) leads
to

V =
−α
√
γrr

$
1 +

4π
√
γηθ

Hff
ϕ

. (84)

The velocity of the inner boundary is a function of ηθ.
Let us consider the case of ηθ = 0. Then we have

V =
−α
√
γrr

, (85)

and

Hff
ϕ = −α

$
γϕϕ

γθθ
(Dff

θ −Dvac
θ )

""""
R=0

= −
$

γϕϕ

γθθ
[(Ω− ΩF)

√
γBr − αDvac

θ ]

""""
R=0

. (86)
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